
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at jhttp : //books . qooqle . com/ 



Ma1h 31 Sj./ to .<>/»£) 




TRANSFERRED TO 
CABOT SC-.^t l;l.»ary 



"^ 



SOLUTIONS OF THE PROBLEMS AND EIDERS 



PROPOSED 



IN THE SENATE-HOUSE EXAMINATION 

For 1854. 



CAMBRIDGE : 

PRINTED BT M2TCALPE AND FALMXB 

FOR MACMILLAN AND Co. 

XotltJon : GEORGE BELL, 186, Fleet Street. 
<5>xf ortf : J. H. PARKER, 
©ubltn: HODGES & SMITH. 
3Et0n : E. P. WILLIAMS. 

lEfcinburgf): edmonston & douglas. 

ffilagjOto: JAMES MACLEHOSE. 



SOLUTIONS 



THE PROBLEMS AND RIDERS 



PROPOSED 



IN THE SENATE-HOUSE EXAMINATION 



Fok 1854. 



THE MODERATORS AND EXAMINERS. 
WITH AN APPENDIX 

CONTAINING THE EXAMINATION PAPERS IN FULL. 



• It is good to vary and intermingle asking of questions with telling of opinions." 

Bacon. 



MACMILLAN AND CO. 

1854. 



L 



/VWh ais./.-H^- O&f) 



Z. • 72- 




% 



A 



PREFACE. 

The Moderators and Examiners have been induced to 
publish the present volume, mainly on the following account. 

The value of a problem frequently depends in great measure 
upon its illustrating clearly some general principle or exempli- 
fying some analytical process; and thus a solution, which is 
as it were forced out, and which misses the method designed, 
is worth little in point of the instruction it affords. 

It is hardly possible for any but the framers of the questions 
to produce a complete series of solutions, shewing the method 
which they wished the student to pursue. 

In the present instance the writers have availed themselves 
of their opportunities of inspecting the answers returned by 
the candidates for honours, and have appended to their own 
solutions some of the more striking of those which were sub- 
mitted to them. 

Cambridge, Oct. 1854. 



SOLUTIONS OF SENATE-HOUSE PROBLEMS 
AND RIDERS 

FOR THE YEAH EIGHTEEN HUNDRED AND FIFTY-POUR. 



Thubsday, Jan. 5, 1854. 1 to 4. 



1. ABD, ACE are two straight lines touching a circle in 
B and C, and, if DE be joined, DE is equal to BD and CE 
together ; shew that DE touches the circle. 

If DE, fig. (1), be not a tangent, from D draw DFG to 
touch the circle. Then, since (Euc. I. 47) BD is equal to DF, 
and CO to OF; therefore, BD and CO are together equal to 
DG. But BD and CE are together equal to DE. Therefore 
the difference between DO and DE is equal to the difference 
between CQ and CE, which is EO : that is two sides of the 
triangle DEO are equal to the third, which is impossible ; there- 
fore no line except DE can be drawn from D to touch the 
circle ; therefore DE touches it. 

Direct Proof. — Let 0, fig. (2), be the centre of the circle. 
Make DF equal to DE. Join OB, OC, OD, OE, OF, and 
draw OO perpendicular to DE. 

B 

iS 
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Since BF is equal to BE, therefore BF is equal to BB and 
EC together; therefore BFis equal to EG] and OB = OC and 
LOBF= OCE, therefore 0F= 0E-, therefore, in the triangles 
BOF, DOE, BO, OF, DF are equal to BO, OE, BE respec- 
tively, therefore lOBF '= OBE; again, in the triangles OBB, 
OBO, OB is common, and the angles OBB, OBB, are equal 
to OBO, OGB, respectively, therefore 0B—0O', therefore 
the circle passes through O, and, since 00 is perpendicular to 
BE, BE touches it. 



2. 0, A, B, C, are four points arranged in order in a 
straight line, so that OA, OB, OC, form an harmonic pro- 
gression. Prove that, A and C being stationary, if move 
towards A, B will also move towards A. 



OB 


~ OA 


+ OC 1 


1 
OB 


1 

oc~' 


1 1 

OA 0B> 


BO 
OC~ 


AB 

OA' l 


lee fig. (3), 


AC 


'-AB 


AB 



OA + AC~ A0 J 
(AC-AB) . OA = {OA + AC).AB, 

AB AC AC + 0A> 

J_ -_L JL 
AB" 0A + AC 

If then OA decreases, AB also decreases. 

L 1 1 
.3., If a, 5, c be positive integers, and a h , b™, c b be in 

2 1 2 

geometrical progression, shew that a**, J*"**, c** are also in 
geometrical progression. 
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111 

Since a*, fr*, c* are in geometrical progression, 

aV = (&«), 
1 i^ 

(ac) b = 5« 

(ac)-=6 4 , 
ac = b } 

2 1 2 

therefore, a 6 ", J****, c**, are in geometrical progression. 

4. If either of the two quantities 1 + 3"*, 14 3 m+4r , is a 
multiple of 10, prove that the other is also a multiple of 10, 
m and r being positive integers. 

1.+ 3 m+4r 
Assuming that — is integral, it is evident that the 

following quantities also are integral: 





10 ' 


3* 


'(3~*~»_1) 




10 ' 


(10- 


-l) (tr**-i) 




10 ' 




3«**-_l 




10 ' 


S""*-* + 3* _ io 




10 ' 


3 s 


(3 m+4 ^+l) 




10 ' 


(10- 


_l)(3«+*-* + l) 




10 • 




3""*~*+l 



10 

B2 
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Proceeding in the same way, we see that — — — is integral. 

The reasoning here given, taken backwards, shews that, if 
^rzr — is integral, — — — also is integral. 

The following is a somewhat different solution of the same 
problem. 

Suppose 3 m + 1 divisible by 10 ; then 3 m must have 9 for 
its last digit. Now 3* = 81 : hence 2? has 1 for its last digit. 
Hence 3"* x 3* has 9 for ite last digit, and therefore l + 3 m x3 4r 
is divisible by 10. 

Suppose 3" l+ * r 4- 1 divisible by 10 : then $"** has 9 for its 
last digit: therefore 3"* must have 9 for its last digit; for 
otherwise 3"* x 3* would not have 9 for its last digit. 

Hence 3 m + 1 is divisible by 10. 

5. Find the value of tana or tan/8 from the equations 
tan (cc + /8) = tana cot/8 + cota tan/8, 
tan (a — fi) = tana cot/8 — cota tan/8. 

Adding together the two equations, we get 

tana + tan/8 tana -tan/8 ft , . Q 

* — i r-^o + rn z~^o = 2 tana o^Pi 

1— tana tan/8 1 + tana tan/8 7 

1 + tan*0 ft A , Q 

2 tana .- — r — . ^ ar > = 2 tana cot/8, 

1 — tan'a tan*/8 7 

or tan/3(l + tan"/8) = l-tan*atan 8 /3 (1). 

By symmetry, tana(l +tan*a) = 1 — tan"/8 tan*a (2). 

From (1) and (2), tana - tan/8 + tan'a - tan 8 /3 = 0, 

(tana - tan/8) . {1 + tan'a + tana tan/8 + tan*/8} = 0, 
(tana - tan/8) . {(tana + £tan/8) 9 + 1 + f tan*/8} = 0, 

and therefore, since the second factor cannot be zero, 

tana = tan/8 (3). 
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From (2) and (3), 

tancc(l + tan*a) = l — tan 4 a, 
tan*a + tana + i = £, 

tana = ~" = tan/8. 

6. If A + B+C = 90% shew that the least value of 
tanM + tan*B + tan'C is 1. 

, A ff pv _ 1 — tan^ltan^— tan^tan(7— tanCtan^l 
1 + + ] ~~ tan^ + tan J B+tanC-tan^tan.BtanC , 

therefore tan J. tani? + tan 5 tanC + tan C tan J. = 1. 

But since tanM + tan 8 !? = (tanJ. - tani?) 8 + 2 tan^i tani?, 

tan*£ + tan*tf = (tan^- tanC)* + 2 tan£ tantf, 

tan" (7 + tan* J. = (tan C- tan^)* + 2 tan C ten A ; 

therefore tan 8 ^4-f tanlB + tan*(7 = 1 + £{(tan^-tan5)" 

+ (tan£-tanC)' 

+ (tanC-tan4) 8 }; 

therefore tan*-4 + tan*i? + tan 2 C is not < 1. 

7. Lines, drawn through F, Z y at right angles to the major 
axis of an ellipse, cut the circles, of which fiP, JSP, are 
diameters, in i, /, respectively. Prove that IS } JH y i?C, pro- 
duced indefinitely, intersect each other in a single point. 

Let iT, JZ, fig. (4), produced if necessary, intersect the 
major axis in F', Z\ respectively : then 

L SIT = supplement of SIY, 

= lSPY=lHPZ 

L ST I = right angle = L HZ J, 
and therefore L ISY' « L JEZ\ 



6 SENATE-HOUSE PROBLEMS AND EIDERS. [Jan. 5, 

whence the triangle formed by producing IS, HJ, is isosceles, 
and therefore, G8 % CH 9 being equal, the vertex of the triangle 
must lie in BG produced. 

Since the angles 8IY\ HJZ^ are equal respectively to the 
angles 8PY } HPZ, they can never be zero, and therefore 8I } 
HJj can never be perpendicular to the major axis. Thus the 
point of intersection of 2$, JH, 2?(7, can never move off to 
an infinite distance from C. 



8. From any point T, (fig. 5), two tangents are drawn to a given 
ellipse, the points of contact being #, Q\ CQ, CQ, QQ, GT^ 
are joined; V is the intersection of QQ, CT. Prove that the 
area of the rectilinear triangle QGQ' varies inversely as 



\TV)+\CV)* 



Also 



Draw CK at right angles to QQ\ Then 
(area QCQ')* = QV*. OK 1 

= j£.{CF*-CV*).CK* 

= *%]*£ -{OF- CV*).CK*. 

But OF*- CV* = CT.CV- CV = CV. TV. 
CK* 1 CV CV 1 



CF'J'E* CP* ' CI* CT.CV* CT*' (CV+ TV)*' 



tx , ennsw AC* . BC* . CV . TV 
Hence (area of QCQf) = (CF+ TV)* » 

and therefore area of QCQ = f cV\* ' /TV\* ' 

\Tv) + \CVJ 
or area of QGQ varies inversely as 

\TVJ + \CV) * 
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9. A piece of uniform wire is bent into three sides of a 
square ABCD, of which the side AD is wanting ; shew that, 
if it be hung up by the two points A and B successively, the 
angle between the two positions of EG i& tan" 1 18. 

Let JEF, fig. (6), be drawn parallel to BA, through E the 
middle point of BC. Then, if G be the centre of gravity of the 
piece of wire, EG equals two-thirds of BE. 

Draw HG parallel to BG, and join AG, BG. 

When the wire is hung up by A, A G will be vertical, and 
when hung up by 2?, BG will be vertical; therefore the incli- 
nations of BG to the vertical will be equal to the angles which 
BG makes with AG and BG. Therefore the angle between 
the two positions of BG, (supposing it to be kept in the same 
plane,) will be the angle between A G and BG. 

Now tonAGB = tm{AGH+HGB) 
--1 + JL-18- 
therefore the angle between the two positions of BG is tan" 1 !^. 



10. A weight of given magnitude moves along the cir- 
cumference of a circle, in which are fixed also two other 
weights: prove that the locus of the centre of gravity of the 
three weights is a circle. If the immoveable weighte be varied 
in magnitude, their sum being constant, prove that the cor- 
responding circular loci intercept equal portions of the chord 
joining the two immoveable weights. 

Let jB, fig. (7), be the moveable weight, P and Q the 

stationary ones. Let G be the centre of gravity of P and Q, 

H that of P, Q, B. 

__ jnirT R . GR 

Tbn GH = P + Q + B 

*GB. 

Bat the locus of B is a circle ; hence that of J? is a circle, 
being a similar point in the two circles, and GB, GH, 
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similar lines. Hence, if HF, H@ y be drawn parallel to RP 7 
RQi F and Q will be points in the locus of H. 

Also FQ:PQ::GH: GR, 

and therefore, GH: GR being constant, and PQ being constant, 
FQ is constant. 



11. A ball of elasticity e is projected from a point in an 
inclined plane, and, after once impinging upon the inclined 
plane, rebounds to ite point of projection : prove that, a being 
the inclination of the inclined plane to the horizon, and /9 that 
of the direction of projection to the inclined plane, 

cota . cot/8 = 1 + €. 

Let Fbe the velocity of projection. 

This is equivalent to Fsin)3 and Fcos/8 respectively per- 
pendicular and parallel to the plane. 

Also the force of gravity is equivalent to g cos a and gema 7 
perpendicular and parallel to the plane. 

Consider the motion perpendicular to the plane. The time 
of flight =s twice the time in which the velocity V sin/8 can be 
generated by the force g cos a 

F sin/9 
= 2 ^; 

<7cosoc 1 

after rebounding, the velocity perpendicular to the plane is 
eFsin/8, 

therefore time of returning to the point of projection 

ft eFsin£ 
gco&a * 

therefore whole time of flight 

g cos a ' 

Again, the motion parallel to the plane is not affected by 
the impact, therefore 
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whole time = twice the time in which the velocity V cos/8 can 
be generated by the force g sin a 

Fcob/3 
~" g since 

Therefore, equating these expressions, 

2 Fcos£ = 2 rsin£ 

g sina g cosa v 7 

therefore cot a cot/8 = 1 + e. 

[The student may gain instruction by endeavouring to draw 
a correct figure.] 

12. Two heavy bodies are projected from the same point 
at the same instant in the same direction, with different velo- 
cities; find the direction of the line joining them at any 
subsequent time. 

By the second law of motion, the positions of the bodies at 
any time after their projection will be the same as if they 
moved for that time unaffected by gravity, and then fell from 
rest, from the positions they had reached, for the same time. 

Now after the first part of the motion, each will be in the 
common line of projection ; and after the second part of the 
motion, since they fall through equal and parallel spaces, the 
line joining them will be parallel to the line joining them before 
they fell, that is, to the line of projection. Therefore, in the 
actual motion, the line joining them will be always parallel to 
the line of projection. 

13. Three equal and perfectly elastic balls A y B y G move 
with equal velocities towards the same point, in directions 
equally inclined to each other ; suppose first, that they impinge 
upon each other at the same instant ; secondly, that B and G 
impinge on each other, and immediately afterwards simul- 
taneously on A ; and thirdly, that B and C impinge simul- 
taneously on A just before touching each other; and let 
V X V % V Z be the velocities of A after impact on these suppositions 
respectively : shew that 

V % -tr t , and that V t = \V x . 
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Let V be the velocity of each ball before impact. Let 
A j 2?, Gj fig. (8), be the centres of the balls at the instant when 
they impinge, the point towards which they are all moving. 
Join AO and produce it to D ; A OD is perpendicular to BC. 

In the first case, by symmetry, the three balls are reduced 
to rest at the same instant, and since the forces of restitution 
are equal to those of compression, and act in the same direc- 
tions, the velocities generated are equal to those destroyed; 
therefore each ball has the same velocity after impact as it 
had before ; therefore 

r, = v. 

In the second case, B and C impinge first on each other ; 
their velocity parallel to DA is therefore unchanged, while their 
velocities perpendicular to DA are reversed. Now, before 
striking C, B was moving in the direction BO ; therefore, after 
striking C, B moves with the velocity V in a direction perpen- 
dicular to AB\ it has therefore no velocity in the direction of 
the normal AB. 

Let R be the whole impulsive force between A and 2?, mea- 
sured as an accelerating impulsive force, E the force of com- 
pression, [it is convenient to measure them as accelerating 
forces, the balls being equal] : then the velocity of A at the 
time of greatest compression is 

F-2i*'cos30°=F-2iV3; 

therefore the velocity of A, resolved along the normal AB, is 

(F- JBV8) cos30° = ^F- fi2'; 

and the velocity of 2?, resolved along the same line AB, is E; 
but, at the time of greatest compression, the normal velocities 
are equal, therefore 

therefore E = ^F; and R . 2E = ^ V; 
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therefore the velocity of A, after the impact is completed, is 

F- 2jB cos30° = F- R V3 = F- £F= - £F; 
therefore ^ 8 = i^i- 

In the third case, B and C impinge on A just before striking 
each other. Let then R be the whole accelerating impulsive 
force between A and P, R' the force of compression ; then, as 
before, the normal velocity of A at the time of greatest com- 
pression 

In 

Also the normal velocity of B before impact = V cos 30° = — F, 

therefore the normal velocity of B at the time of greatest com- 
pression 

therefore, equating these normal velocities, 
^V- $E = E-^V; 

therefore E = ^ F; and B = 2# = i^? F; 
o 5 

therefore the velocity of -4 after impact = V— 2R cos 30° 

= F- P V3 - F- v v= - £^5 
therefore V 8 ^iV t . 

14. CP, CD, are two conjugate semidiameters of an ellipse 
described by a body about a centre of force in the focus 8: 
PP, DD\ chords of the ellipse parallel to the major axis. 
Prove that, a, a', £, {P, being the angular velocities of the 
body about 8 at P, P, 2), Z>', respectively, 

{irji + (^ = a con8tant <* uantit y- 

We know that SP. 8F = CZ? 1 . 



But a = ^gp , a — ^pft 
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hence - — Kx = GIF. 

Similarly r=™ = CF*. 

„ 11 GP + CI? 

_CJ*j L CI? 
A 

= a constant quantity. 

15. Supposing the velocity of a body in a given elliptic 
orbit to be the same at a certain point, whether it describe 
the orbit in a time t about one focus, or in a time t' about the 
other, prove that, 2a being the major axis, the focal distances 
of the point are equal to 

2at' 2at 

t + t" t + t" 

Let S y H be the foci, £A, \K the areas described in a unit 
of time when *, i are the periodic times respectively. Let $P, 
HP be the focal distances of the point where the velocity is 
V in each case ; 8Y } HZ y perpendiculars on the tangent at P. 

Then, since the whole area described in the times £, t' is 
the same, 

h : h' :: t' : t, 

8Y.VxHZ.Vv.iM, 

SYiHZv.t' :*, 

SP: HP::t' :t, 

SP: 2AC:: t' :* + *', 

8P =TT7" 2AG > 
HP =jh" 2AC ' 
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16. Three candles are placed in a room, and the two shorter 
being lighted throw shadows of the third upon the ceiling; 
if the directions of these shadows be produced, where will 
they meet? 

The shadow of any straight line, caused by a luminous point, 
is in the plane passing through the luminous point and the line. 
Therefore the two shadows on the ceiling are the intersections 
of the ceiling by the two planes passing through the longer 
candle and the two flames respectively; the shadows if pro- 
duced will meet in the line in which these two planes meet, 
that is, in the point when the direction of the longer candle 
meets the ceiling, that is, the point directly over the longer 
candle. 

17. Within a reflecting circle on the same side of the 
centre are two parallel rays, one dividing the circumference 
into arcs which are as 3 to 1, the other dividing it into arcs 
which are as 8 to 1 ; find the least value of n such that, after 
each ray has suffered n reflections, they may be again parallel. 

Let AB (fig. 9) be the original direction of the first ray, 
BC its direction after one reflection ; the deviation of the ray 

= 7T - lABG = lAOB. 

Now the arc .4 Z)i?= three times the arc-4JEB, therefore A EB 
is one fourth of the whole circumference; therefore the angle 

4 
And since the deviation at each successive reflection is always 
the same, the deviation after n reflections = n.^ir. 

Similarly, for the other ray, the deviation at each reflection 

_ 27T _ 27T # 

"8 + 1*"T' 

therefore the deviation after n reflections = — - . 

y 

Now after n reflections the rays are parallel to each other ; 
therefore the deviation of one must exceed the deviation of 
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the other by some multiple of two right angles ; therefore 



n 2n 

. 7r __ 7r=i>7r? 

5w = 18p, 
and, since p is an integer, the least value of n is 18. 

18. One asymptote of an hyperbola lies in the surface of 
a fluid: find the depth of the centre of pressure of the area 
included between the immersed asymptote, the curve, and two 
given horizontal lines in the plane of the hyperbola. 

Let BB'C'C (fig. 10) be the included area. Draw P t M t , 
horizontally, equidistantly from BB\ CC. Take any two 
strips PM, PM, of equal breadths, and equidistant from P,M r 
Then, t denoting the breadth, 

Pressure on PM = t . PM . M . sin a 

= ±T(a 8 + J*) since 

= pressure on PM 1 . 

Hence PM y PM', balance about P,M t . Similarly for all like 
pairs of strips. Hence the centre of pressure of BB'C'C lies 
in the line PM, . 



19. A cone is totally immersed in a fluid, the depth of 
the centre of its base being given. Prove that, P, P % P", 
being the resultant pressures on its convex surface, when the 
sines of the inclination of its axis to the horizon are s, s\ #", 
respectively, 

P" (*'- O + P'* (8" -8) + P" 8 (,-,') =0. 

Let B = the resultant pressure on the whole surface of the 
cone, the base included; P= the resultant pressure on the 
convex surface, when the axis is inclined at an angle a to the 
horizon ; B = the pressure on the base ; h = the altitude of the 
cone; k = the depth of the centre of its base; r = the radius 
of its base ; a = the density of the fluid. 
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Then P* = E>- 25.i2.sba + B\ 

Now R = £oWA, and B = awtk ; 

hence P 8 = £<jW (A 9 - 6Afo + 9&*). 

Similarly, P* = £<jW 4 (A* - Mcs' + 9JP), 

P"» = £<rW (A* - 6Afo" + 9**). 

Multiplying these three equations in order by s' — V, *" — s, 
s - s', and adding, we have 

2*(«W) + P" (*"-*) + P"* («-*') = 0. 

20. Light emanating from a luminous circular disk, placed 
horizontally on the ceiling of a room, passes through a rect- 
angular aperture in the floor: ascertain the form and area 
of the luminous patch on the floor of the room below. 

Shew that neither the shape nor the area of the patch will 
be affected by any movement of the disk along the ceiling. 

Let (fig. 11) be the centre of the disk, M any point 
in its circumference. Through P, any point in a side of the 
aperture ABCD, draw OPO to meet the floor of the lower 
room in 0\ Draw MP and produce it to M ', a point in the 
floor. With O as centre and radius OM' describe a circle on 
the floor. This circle will be the area illuminated by the rays 
which pass through the point P. 

Again, lines drawn from through -4, 2?, C, D, to meet 
the floor will form a rectangle A'B'C'D on the floor. 

The form of the patch is therefore such as represented in 
(fig. 12). 

Let A3 = a, BO =-h,r = radius of disk, 

A'B' = a', B'C' = b\ r' = OM', 

and let A, h\ denote the heights of the higher and lower rooms. 

mi , A' , A + A' , , , A + A' 

ihen r =r.-^, a = a. — 7 — , = 0. — 7 — . 

Then area of patch = wr' 2 + dV + 2 (a' + i') / 

= i{7rr ? A' 8 + aJ(A + A7 + 2rA'(A + A , )(a+J)}. 
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This result shews that the form and area of the patch are 
independent of the position of the disk on the ceiling of the 
upper room. 

21. If c t , c s , c„ be the lengths of the meridian shadows of 
three equal vertical gnomons, on the same day, at three different 
places on the same meridian, prove that the latitudes \ } \ 8 , \, 
of the places are connected together by the equation 

C « ' tan^-X.) + C « * tan(X,- X.) + C « ' tan(X,-X,) " V ' 

Let x = the altitude of the gnomon, 8 = the sun's declination 
when on the meridian. 

Then — = tan (sun's zenith distance when on the meridian), 

X 

or -* = tan(\- 8). 

Similarly, -* = tan(\— 8). 
x 

Hence X, - X = tan" 1 ^ - tan" 1 -» - tan" 1 f C »" C i1 , 

te+4 

and therefore - Li + a; = (c,-c 4 ) cot(X $ — X,) (1). 

Similarly 5& + a; = (c.-c.) cot (X.-A,) (2), 

X 

^+x= ( C ,- Cl ) cot(X s -X,) (3). 

JO 

Multiplying (1), (2), (3), in order by ^(c.-c,), c t {c,-c t ), 
c t (c t — cj, adding, and observing that 

{c t -c t )+ (c,-cj+ (c,-c,)=0, 

and c, (c, - c.) + c t {c x - c.) + c, (c, - c,) « 0, 

we have 

0=c 1 (c,-cJ ,, cot(X-Xj+c s (c 1 -c^cot(X 1 -X,)+ C8 (c,-c l )«cot(X-A 1 ), 

OT c ' , tan(X,-X s ) + C * , tan(X $ -X 1 ) +C ''tan(X I -X,) U " 
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1. If C denote generally the number of combinations of m 

s 

m 

things s together, and G be taken to denote unity for all values 

o 
of m ; prove that, if 

n »-l »-2 n-S n-r+1 n-r 

8 = v.c + sr*.a + ar*.c + r+.c + + s. c + c, . 

r r r—\ r-2 r-3 1 

then 

S+S+8+S+...+ S=l™+r + 3~ l +...+ {n-l)>+n*+{n+l) 1 . 

1 2 3 » 

From the expression for 8 we see that 
8=1, 



S=C+l, 

1 1 

S=C + 2\G + 1, 

2 2 1 

# = C + 2*. *C+ 8.0+1, 

3 8 2 1 



,8 r =<7+2^Cc+ 3^.0 + 4^(7 + + « 1 .(7 + 1. 

n n *-l «-2 w-3 1 
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But l + <7-|- C+C + +£=(1 + 1)" = 2 W , 

12 3 n 

1 +2 1 .V+2 8 .C+ + 2 n -\C 1 = (l+2) l, - 1 = 3 M , 

1 2 n-1 



1 + ( n - 1)\C + (*- 1) 8 .<7 = {1 + (n-l)} 8 = n 8 , 

1 + rc 1 .0 = (w + l)\ 
i 

1 = l n ". 
Hence 

S+ S+ S+ S+...+ S=l™+2 n +Z~ l +...+ (n-l)*+n*+{n+l)\ 

12 3 » 



2. Straight lines Aa, l?/8, Cty, (fig. 13), are drawn from the 
angular points A, B, C, of a triangle to bisect the opposite sides 
in a, ft, 7, being the point of intersection of the three lines. 
If the radii of the circles inscribed in the triangles BOa, COol] 
COfi, A 0/3] AOy, BOy; be represented by ap, ay; by, b a ; 
c a , cfi respectively ; prove that 

1.1.11+1.1 = 0. 
a /3 a y h y b a C a C fi 

We see that, u denoting the area of the triangle ABC, 
and h, k, I, the distances AO, BO, 00, 

$a fi (5a+ Oa + BO) = area BOa = Jarea BAG, 

ap(Ba + ih + k) = Jw: 
similarly, a y (Ca + £A + J) = Jw . 

Hence & — Z = -.( ). 

3 \^ a y J 

By similarity, J _ * = J . f _ _ _ V 

* y a' 



L 
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and A — A = - . [ ) . 

3 \c a Cfi J 

Hence h? 7- H = 0. 

a o b c c Q 



fi r 7 « « ft 

3. P is a point in a branch of an hyperbola, F a point in 
a branch of its conjugate, OP, OF, being conjugate semi- 
diameters. If &, #', be the interior foci of the two branches, 
prove that 

&F -SP=AC-BC. 

Draw PN, FN, (fig. 14), to meet 04, OB, produced, at 
right angles. Let CA = a, OB = J, ON = a, GAP = x'. 

SP=ex-a. 

S'P = «V - b 



= 


(«" 


b 


x' 


-b 




= 


(«' 


+ *")* 


.b 


X 

a 


b 


= 


(«' 


a 


. X 


-b 






ex 


-b. 









Hence 8'F- SP=a-b. 

I 

y 4. On any chord of a parabola as diameter is described 
a circle cutting the parabola again in two points; if these 
points be joined, shew that the portion of the axis of the 
parabola included between the two chords is equal to its 
latus rectum. 

Let y a = mx be the equation to the parabola j 

(a^yj, (x^ s ) coordinates of the ends of the given chord, 

(*•&)> foyJ other 

Since y x , y 2 are the roots of the equation 

C2 
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and since x x y^ and also x % y % satisfy the equation 

y* = mx } 
therefore they satisfy the equation 

«*- (yx+y?)y + y^y* = ( >^ 

this is therefore the equation to the given chord. 
Similarly, the equation to the other chord is 

Putting for y in each of these equations, and subtracting 
the resulting values of x, we find the portion of the axis 

intercepted between the chords equal to *&* — ^ 9 . 



971 



Now the equation to the circle, of which the given chord 
is a diameter, is 

(- *$*)" + (» - 4*)' - i^J + W- 

or sf - (x t + xjx + y* - (jft + sOy + *A + fty, = °- 

Combining this with the equation to the parabola, by elimi- 
nating Xj we have 

J? - to + *>) £ + y* - (yi + aO y + ^ + & sf, = Oi 

an equation whose roots are y tJ y 2l y 8 , y 4 j 
therefore y,9JfJf 4 = y, V + ™*y t y s ; 

therefore y 8 y 4 = y t y f + m* ; 

therefore the portion of axis intercepted is equal to 
y*y* + ™ 8 - #!& _ _ 



Otherwise. Let a, i be the coordinates of the middle point of 
the given chord ; then the equation to the circle may be written 

a? + y* - 2ax - 2by +/= 0, 
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and the equations to the chords will be 

x — a — m{y — J) = 0, x + my — c = 0. 

Now the equation to any conic section possessing these 
same chords must be of the form 

k{x* + y* — 2ax — 2by +/) = {x — a — m [y — b)}.{x + m'y — c) ; 

let this conic section coincide with the parabola y* = lx] theri 
by comparison of the coefficients of like terms, we have 

k = 1, m = m\ — 2bk = mc + m'(mb — a), 

(k + mm) I = 2ak + mb — a — c] 

(i), 



therefore 


c + mo — d — • 




971 


and 


(l + m^^wft-fa — c 




25 
= 2wJ + — by (1), 




= (i + «»')-; 

X ' TO 


therefore 


7 2b I 

/ = — = a — mo — c: 

am ' 



therefore the latus rectum is equal to the portion of the axis 
included between the chords. 

'x\ 
5. If r =/(0) and y =/( - J be the equations to two curves, 

f{ff) being a function which vanishes for the values 1? a , and 
is positive for all values between these limits, and if A be 
the area of the former between the limits 

and M be the arithmetic mean of all transverse sections of the 
solid generated by the revolution, about the axis of #, of the 
portion of the latter curve between the limits x = a0 1? x = a0 a ; 
shew that 

H* 2?r A 
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To find an expression for M y conceive the portion of the 
axis a& % - aO tJ (taking a to represent the greater of the two 
angles t1 9 ) to be divided into n equal parts, each equal 
to &r, so that 

a0 8 — ad x = nSx ; 

and through each point of division draw a plane making a 
transverse section of the solid: then 

Vttw 8 

the arithmetic mean of these sections = — — 

n 

_ 27ry*&e 

"" a6 % - a6 x l 

therefore, when the number of sections is increased indefinitely, 



raO t 

ir i y*dz 

r fmn« = Ja6 * 



the arithmetic mean of all transverse sections = j • ii 

a{0 % -0 x ) 

dx 



J \ a , writing* for-; 

C7_ 17, d 






and A=f^d0 = ^f e y(ff)Yd0; 



therefore 



M 2ir 



A~9.-9 X ' 



v 6. A brick is divided by a plane, passing through one 

corner, and making an angle of 45° with the length of the 
brick; find the position of this plane in which the two parts 
are the most nearly equal. 

Let (fig. 15) be the given corner, OG the direction of the 
length of the brick, OA = a, OB = b. The brick is supposed 
to be transparent, so that 0, which is the furthest corner, 
may be seen. 
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Let OFGE be the cutting plane; 

a, £ the angles A OE, BOF respectively. 

Describe a spherical surface with as centre, meeting the 
planes AG, BG, FE in the arcs hi, Ik, kh respectively: then 
hi = a, Gc = /3, hlk = \ir ; and by the given condition the arc 
drawn from I perpendicular to hk = \w ; therefore 

1 = tan 8 £7r cot 9 a + tan^w cot*/3 = cot*a + cot 2 £ =/ + ^...(1), 
writing p and q for cot a and cot/3. 

Again, the equation to the cutting plane referred to 
OA, OB, 00 as axes, is 

z = x cota + y cot/8 =px + qy ; 
therefore the volume of the part between OBDA and OFOE 

= 1 I zdydx= I j [px + gy ) dy da? 
a*5 aft' 

= y {op + fy). 

And since this is always the smaller part, the two will be most 
nearly equal when this part is the greatest possible ; 

therefore = adp + bdq. 

And from (1) 0=pdp + qdq; 

therefore £ = ± - — = a P + b 2 . 

tnereiore a _ ft ^ + yj a » + j» » 

therefore the volume -4 OBC? = — nj(a* + 5"), 

and DG = ap + bq = V(«* + i 2 ) - OZ>; 

therefore the angle DOG — \ir\ 

therefore GOG = \<ir = inclination of 0C to OPYM; 

therefore the plane GO G is perpendicular to the plane FE, 
which defines the position of the cutting plane. 
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It may be shewn further that 



AE= „ f TMX , BF = 



7. If r, r', be the radii of curvature of an involute and 
evolute at corresponding points (a?, y), [x\ y') ; prove that 

rdx ± rdy = 0, rdy' T rdx = ; 

and shew that, the involute being an ellipse of which the semi- 

axes are a, ft, the greatest value of — is equal to 



r 
3 (a b y 
2 



(?-=)■ 



W.tao.tb.t ^--| (1), 

and therefore, by differentiation, 

d*x'.dy' — d*y'.dx' _ <£c d*y — dy d*x 
If dx? ' 

„ 1 (dx'd'y'-dy'cPx'y _ {dxd*y-dyd*x)* dy' 1 

Mence /i _ (<fo « + ^» - ^ + ^f ' dx'' 

1 _ (dxcPy-dyd'xy 
Dm t>~ {dat + dy*) 3 ' 

„ r» /dx* + dy'\* dy'* da? . ,„, 

Hence ? = l^w)-i = ^' *«» 

and therefore r d5/ T r' da? = ; 

whence also rdx' ±r' dy = 0. 

These relations follow also directly from the formulae 
_ ds , __ds 
r "dit 1 r ~dfy' 

dx' , dy 

dy' . , ^ dx 
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where ^r represents the inclination of the tangent of the evolute 
to the axis of x. 

X* v 2 
In the case of the ellipse, -, 4- tj = 1, we know that 

y = ji— Jf , hence 

Hence - = 3 — jtj— ^ 

x* y* 
Now sey is a maximum, under the condition — + ^ = 1, 

when x= -J-, y = — : hence — has a maximum value equal to 



\b a) 



3 fa 
2 



8. Trace the curve whose equation is 

2 __ a: — c 

y ~~ x(x-a) 7 

first supposing a to be less than c, then equal, then greater; 
and shew how the three forms of the curve pass into each other, 
when the value of a is supposed to increase gradually through 
the value c. 

To find the asymptotes. 

x = and x — a each make y = oo ; 
therefore the lines x = and x — a = are asymptotes* 

AJ», •-'('-£) (l-if. 

therefore »-±«(<-ji) (»-|) 

■'■('-JH( ,+ iS+S? tfc ) 

- ± (" ,+ § + £ +&c -) i 
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therefore y = ± (x+ -) is a pair of oblique asymptotes, and 

if we consider points far enough from the origin, the asymptotes 
lie between the curve and the axis of x. 



First take a<c. 




When x = oo , 


y = ±x, 




possible.* 


x = c, 


y = o, 




impossible. 


x = a, 


y = oo, 




possible. 


a = 0, 


y = oo, 




impossible. 


X = — Cj 


y = o> 




possible. 



x = - oo, y = + a; 

therefore the form of the curve is that given in fig. (16), 
where OA = a, 00 = c, 0D = c, OB = £a. 

Secondly, let a = c. 
We may say that the equation 
„ x A -c* 



x(x- c) 
degenerates into the form 



^_ (x* + c*)(x + c) 

y " X ' 



or rather we should say that when x = c, y may have any 
value. Thus the line x — c = is part of the locus. 

To find the general form of the rest of the locus, 



* The notation in the text is used for stating concisely whether the 
value of y is possible or impossible between particular values. 
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x = oo makes y = ± a?, 
possible. 

# = c y = ± 2a, 

possible. 

SC = y = GO , 

impossible. 

a = - c y = 0, 

possible. 

# = -00 y = ±x. 

The form of the curve is given in fig. (17), where OA = c y 
0D = c, 0B=\c. 

Thirdly, let a> c. 

x = do makes y = ± #, 



a; = a 



possible, 
impossible. 



# = c y = 0, 

possible. 

a? = y = co , 

impossible. 

a; = — c y = 0, 

possible. 

35 = — CO y = ± X. 

The form of the curve is given in fig. (18), where OA = a, 
05=£a, 0C= 0D = c. 

[It will be easier to draw the curve if we find the points 
where it cuts its oblique asymptotes. The abscissas of these 
points are given by the equation 






and it may be shewn that the negative value is always less 
than — c, except when a = 2c, in which case the value of x 
is — c : also that the positive value is greater or less than c 
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according as c is greater or less than a. Hence there are 
always, except when a = 2c, four real points at which the 
curve crosses its oblique asymptotes.] 

To explain how the form of the curve changes gradually 
from fig. (16) to fig. (18) as a passes through the value c, we 
must observe that, when a = c, the straight line AE is part 
of the locus; and that the curved branch cuts AE in F y 
A F being equal to 2a : also that when a = c, A and C coincide. 
It appears then, that as A approaches (7, the arc GO becomes 
less curved, and approximates to the straight line AF. Simi- 
larly the branch HK becomes less and less curved, and at 
last coincides with FE. Also as H and G approach F, the 
two branches LH and GM ultimately unite and the curve 
assumes the form of fig. (17). It is clear that the curvature 
at G and at H must increase indefinitely as the curve fig. (16) 
approaches its limiting form. The above explanation holds for 
the change from fig. (18) to fig. (17). 



9. 8PHQ is a quadrilateral, P and Q being points in an 
ellipse of which S and H are the foci ; if Q be fixed while P 
moves, find the locus of the centre of gravity of the perimeter 
of the quadrilateral. 

Let Gtf fig. (19), be the centre of gravity of /SPand PH, 
G a SQ&nl QH; 

then G the centre of gravity of the whole perimeter is the 
middle point of G X G^ and since G % is fixed the locus of G 
will be similar to the locus of G xJ and of half the linear mag- 
nitude : also when PGQ is a straight line, G will be at C. 

To find the locus of G x . Join UV the middle points of 
#P, PHi UV evidently passes through G t . Again, a per- 
pendicular CP' from G upon the tangent at P also passes 
through G x ; for if SP be produced to H\ so that PH' = Pff, 
CF, which is parallel to HH' and bisects fiH, will also bisect 
SH\ (Euc. vi. 2) ; therefore a line SH' would balance on CP ; 
and since PH and PH' are equally inclined to CP\ SP and 
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PH will balance on CF. Draw G X N\ then if {xy\ (xjf^ be 
coordinates of P and # 1? 

y x = | , x x = y x tenCG l N=y l tan (inclination of tangent at P 



_ y b*x _b* x 
" 2 rfty "~ a" 2 ' 



to axis of #) 



UJ 1 2 



the equation to an ellipse whose semi-axes are half the 
semi-latus-rectum, and half the minor axis of the given ellipse ; 
therefore the locus of O is an ellipse whose semi-axes are one- 
fourth of the semi-axis minor, and one-fourth of the semi-latus- 
rectum of the given ellipse, passing through (7, having its centre 
on the perpendicular from G upon the tangent at #, and its 
major axis perpendicular to the major axis of the given ellipse. 

Otherwise. Let SP=r, JZP=r'; 

and let (sey), {xy\ (xy) be coordinates of P, Q, O respectively. 

. _ x + ae t , x — ae t in ~ ~ 

4a x = r — — -f r — -- -f like terms for Q 
2 2 

= ax + \ae (r — r) + like terms 

= ax{\ — e*) + like terms ; 

4s = (1-e*) (x + x'). 

lay = r | + r* \ + like terms 

-«(y+y); 



therefore 
Again, 

therefore 



the equation to an ellipse. 

10. From an external point P two tangents are drawn to 



an 



ellipse -« + f§ = 1. Supposing the locus of the centre of 
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gravity of the triangle, included between the two tangents 

x* it 
and the chord of contact, to be an ellipse — 5 4- #5 = 1, find 

a* b? 

the equation to the locus of P. 

What must be the relation between a, 6, a l% b iy in order that 
the locus of P may be an ellipse ? 

Let A, kj be the coordinates of P, and (a? t , yj, (a? a , y a ), be the 
two points of contact. The equation to the chord of contact is 

hx ky _ 

When it intersects the ellipse, viz. -5 + ^=1, we have, elimi- 
nating y, 



hence 


2A 

*> + x * ~ F"T ; 

? + y 






and, similarly, 


2J 
a 1 + 6* 






Now, Xj y, denoting the coordinates of the 
of the triangle, 


centre of 


gravity 


««*(* 


+ *. + «0, y = i(* + y, 


1 + y.) ; 




whence 


rf + p 







But, by the hypothesis, 

a" + J" * » 



1 5F + ?J 
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hence the equation to the locus of P is 



/A* £\ 
W" + b") 



\ 1 + iri?X =9 - 




-5 + 75 = 4 or 1. 



This equation cannot be reduced to one of the second order 
unless 

a : V : : a : b ; 

under this condition it will plainly represent an ellipse, its 
equation being of the form 

"i + T5 = »T. 

a 

Cor. Let a = a, V = b: then the equation to the locus 
of P becomes 

r 2 1 2 

a" + V) 
Solving this quadratic equation, we get 

a* + I* 

The former result shews that the locus of P is an ellipse 
with axes 4a, 4i. The latter belongs to the case when the 
triangle is constantly zero. 

11. The radii vectores of any series of points in the path 
of a particle, moving about a centre of force, being in arith- 
metical progression, the times of arriving at these points, 
reckoned from a given epoch, form another arithmetical pro- 
k gression. Find the equation to the path. 

By the condition of the problem, it is plain that dt is con- 
t stant when dr is constant ; but, t being some function of r 
' which we may denote by /(r), 

' dt=f{r)dr; 

hence /'(r) is constant. But 
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Hence, /3 denoting some constant, 

r>dO = /3rfr, 

and therefore, a being a constant, 

r— £- 
r a-0' 

which is the equation to the curve. 

12. In any machine in which two weights P and W are 
suspended by strings and balance each other in all positions, 
let P be replaced by a weight Q equal to pP\ if in the 
ensuing motion W and Q move vertically, find the tensions 
of these strings, neglecting the friction of the machine and 
the masses of its several parts. 

Let W r =wP, then, by the principle of virtual velocities, 
P describes a space m times as great as W in the same time ; 
and after P is replaced by Q, Q must describe m times the 
space described by W in the same time ; therefore the whole 
accelerating force on Q must be m times as great as that 
on W. Let 5P, T' be the tensions of the strings to which Q 
and W are attached, then 

Q- T T'-W 

.= m 



9 9 

i-f — (^-l); 

and since the machine has no inertia, the forces which act 
on it must have the same relation as if it were at rest, 
(otherwise a finite velocity would be instantaneously generated,) 
therefore *, j, 

W = P ' 
therefore m -f 1 = -p( m + —J , 



i 
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W+P T T 



therefore 



P 



13. There are generally two directions in which a projectile 
may be projected with given velocity from a point A y so as 
to pass through another point B\ shew that one of these 
directions is inclined to the vertical at the same angle that 
the other is inclined to the line AB. Hence shew that the 
locus of points, for which a given sight must be used in 
firing with a given charge of powder, is the surface generated 
by the revolution, about the vertical, of the path of the bullet 
obtained by aiming at the zenith with the given sight, and 
with the given charge of powder. 

The former part of this problem is solved in Phear's Dy- 
namics, Sect. in. Art. 30, and the latter part follows at once. 

Or the latter part may be worked independently as follows : 
To find the locus of points, for which the same sight must 
be used. 

Let a be the inclination of the line of the sights to the 
axis of the barrel ; r, the polar coordinates of a point for 
which this sight is adjusted ; then, substituting r cos0 and 
r sin for x and y in the ordinary equation to the path of a 
projectile, + a being the angle of projection, 

O (7* COS PI 

rsin^ = rcostf.tan(p+a)-^.^ T ^, 

r {sin0 cos(0+a) - cos0.sin(0+a)} cos(0 + a) = - ^ (r cos0)* 

r sina.(cos0 cosa - sin0 sina) = -^- 2 (r cos0) 9 

x cota — y = ftTr u . g x 9 
J 2F 4 'sin 2 a 

or V = # cota — ^ Tra . a 3?) 

* 2 V 2 sin*a ' 
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the equation to the path of a particle projected with velocity V 
at an angle a to the vertical : that is, if a man, facing the south 
for instance, aim, with a given sight, at the zenith, the ball, 
which falls behind him, will pass through all those points to the 
north of the man, for which the given sight is adapted. 

14. A prism whose base is a given regular polygon is 
surmounted by a regular pyramid whose base coincides with 
the head of the prism ; find the inclination of the faces of 
the pyramid to its axis in order that the whole solid may 
contain a given volume with the least possible surface. 

Let a be the perpendicular distance of one of the sides 
of the polygon from its centre; the inclination of a face 
of the pyramid to the axis ; x the height of the prism ; 
A the area of polygon ; P the perimeter. Then 

A.{x + \a cot0) = const. 

P.(x + \a cosecfl) = min. ; 

.*. \a cosecfl -f C — $a cotO = min. 

£ cot0 cosecfl - £ cosec*0 = ; 

.-. COS0 = |, 

which gives the required inclination. 

15. An ellipsoid is intersected in the same curve by a 
variable sphere, and a variable cylinder : the cylinder is always 
parallel to the least axis of the ellipsoid, and the centre of 
the sphere is always at one focus of a principal section con- 
taining this axis. Prove that the axis of the cylinder is 
invariable in position, and that the area of its transverse 
section varies as the surface of the sphere. 

Let e, e, be the eccentricities of the two principal sections 

through c. 

3? a y* z* 

-5 + |a + "2 = 1 ellipsoid, 

(x — ae)* H-y 2 -f « a = S 2 sphere; 
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at their intersection 

c* ~ c' + c" + 1 ~ a* " V 

/l 1\ . /I 1\ , 2oca; , oV 



c 8 T ' c" 
-(?"?) rf+ (?-p)^- 



2a&z a 



(ar-a) a + ey = 8*, 

the equation to that cylinder which intersects the ellipsoid in 
the same curve as the cylinder. 

Therefore the axes of all the cylinders coincide with a 
directrix of the principal section, and the area of a transverse 
section varies as S a and therefore as the surface of the sphere. 

16. An elastic tube of circular bore is placed within a 
rigid tube of square bore which it exactly fits in its unstretched 
state, the tubes being of indefinite length ; if there be no air 
between the tubes, and air of any pressure be forced into the 
elastic tube, shew that this pressure is proportional to the 
ratio of the part of the elastic tube that is in contact with 
the rigid tube, to the part that is curved. 

Let ABCD (fig. 20) be a section of the rigid tube, EOHF 
part of the section of the elastic tube : it is clear from symmetry 
that if E and F be the middle points of the sides AB, AD^ 
the part EGHF is one-fourth of the perimeter of the elastic 
tube. Also the free portion OH is circular : for the pressure 
and tension being the same at every point, the radius also 
must be the same, by the formula T=pr. Also, since the 
pressure is finite the curvature must be finite throughout, so 
that the sides of the rigid tube, with which the elastic tube 
coincides for a certain space, must be tangents to the free 
portions of the elastic tube : the circular arc GH is therefore 
a quadrant. 

D2 
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Join OG, and draw the radii GK, HKQ. 

Let AB = 2a, EOG = g, p = the pressure of the air within 
the tube. 

Consider an annulus of the elastic tube whose breadth is 
the unit of length ; and let T be the tension of this portion, 
E being the tension required to stretch this annulus to twice 
its natural length. Then 

T_ stretched length of annulus 
E ~" unstretched length ' 

_ SEG -f 4tGK fry _ tang + fry (1 - tang) m 

... 5 = iziZ^tang. 
E \w 

A . T w 1 - \it tang 

Again, P=qk = E-^ a[l _ im0y 

_E 8a tang 

~a ( **"' 27ra(l-tang' 

_E . . length in contact 

~" a * * ' length that is curved ' 

therefore the pressure of the air in the tube is proportional 
to the ratio of the part that is in contact to the part that is 
curved. 



17. OA, OB, are any equal arcs of two given great circles 
of a sphere, intersecting in 0. A and B are joined by an 
arc of a great circle, and also by an arc of a small one 
described about 0. Find the area of the lune included between 
the two joining arcs. 

If OA = X and lAOB= 2o>, prove that the lune is greatest 

when 

^ tan o) — o> 
co»X = — - — = — . 
<u tan a) 

AGB (fig. 21) is the arc of the small circle, 

A O'B is the arc of the great circle: 
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area of ACBO = 2a> (1 - cos\), 
area of ACBO = 2to + 2^ - tt, 
u = area of lune = w — 2a> cosX — 2^r. 
By one of Napier's Kules, 

COSX = COt G). cot -^ (1). 

Hence « = ir - 2a> . cotw . cot^r — 2^r. 

Putting -3-7- = 0, we have 

-tt = 2o).cotft>. cosec'^r — 2 = (2), 

-TTj = — 4a> . cota> . cot^r . cosec'^r. 
From (2), sin'^r = co . cot© ; 

hence, from (1), cos*X = — 5— . 

7 v n co.tan 8 oy 

Since ^Ti is negative, this result corresponds to a maximum 
value of u. 



18. The ridges of two roofs are at right angles to each 
other, and the inclination of each roof to the horizon is 0; 
the shadow of a chimney falling upon them makes angles a 
and ft with their ridges; shew that 

cos*0 = cot a cot/8. 

Let ACDB (fig. 22) be one side of the shadow on one roof; 
through G draw the vertical GE } and through D draw a hori- 
zontal plane cutting GE in E^ and meeting the roof in BF y 
which is parallel to the ridge ; draw EF perpendicular to DF y 
and join CF, BE. 

Now CFE= inclination of roof to horizon = 0, 
CDF= inclination of shadow to ridge = a ; 
and since GBE is the vertical plane passing through the sun, 



/ 
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EDF is equal to the sun's azimuth measured from the direction 
of the ridge of the roof, = <f> suppose. Then 

DF DF FE x . n 
°° ta= CF = FE' CF = "* + ' C08 ^ 

Similarly, cot/8 = tan <f> . cos 0, 

.*. cos*0 = cota . cot/8. 



19. The hour angles of two stars being e, e', and the 
azimuths a, a', when a ~^ a' has for a moment a stationary 
value; prove that the latitude X of the place of observation 
is given by the formula 

. ^ sin 2a . cots - sin 2a'. cote' 

sinX = - r-j . 

cos 2a — cos 2a 

By spherical trigonometry we have 

cota . sine = sinX . cose — cosX . tan 8, 

and cota'. sine' = sinX . cose' — cosX . tan 8'. 

Differentiating these two equations, a, e, a', e', being variables, 
we get 

(cota . cose -f sinX . sine) dz = cosec s a . sine . rfa, 

(cot a' . cos e' + sin X . sin e') ds! = cosecV . sin e' . da!. 

But (h = dz\ and, a *** a' being for an instant stationary, 
da = da : hence 

cosec*a . sine . (cota' cose' + sinX sine') 

= cosecV . sine' . (cota cose + sinX sine), 
sine . sine' . sinX (cotV — cotV) 

= sine' . cose . cota . cosecV — sine . cose' . cota' . cosecV, 
sine . sine' . sin X (sinV cos 2 a — sin 8 a cosV) 

= \ sin e' . cose . sin 2 a — \ sine . cose' . sin2a', 
2 sinX . sin (a' — a) . sin (a' + a) = sin2a . cote — sin2a' . cots', 
sin 2a . cote — sin 2a' . cote' 



sinX = 



cos 2a — cos 2a' 
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20. A thin hollow ring, of which the plane is vertical, and 
which contains a bead, is placed upon a smooth horizontal 
plane: prove that the bead, having been placed near the 
lowest point of the ring, will oscillate isochronously with a 
perfect pendulum the length of which is equal to 

fid 



m + /a' 



a being the radius of the ring, /* its mass, and rn the mass 
of the bead. 

Let C (fig. 23) be the centre of the ring, A its point of 
contact with the horizontal plane, Ox the rectilinear locus of A, 
O being a fixed point. From P, the place of the bead, draw 
PM at right angles to Ox. 

Let OA = a?, OM = x\ PM = y', lACP = 0, R = the 
mutual action between the ring and the bead. 

The equations of motion are 

d*x 

*dT = Ba]n0 > 

m -j£ = — Jtt sin0, 

m -5J5- = B cos0 - mg. 

From the geometry, 

x' = x + a sin#, y' — a — a cos#. 
As far as the first order of small quantities, 

cPx „„ (d*x d % 0\ M . p 



mg. 



d*0 , m + fi »_ n 

Hence the vibration of P is isochronous with a perfect 
pendulum of length equal to 

m + /* ' 
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21. A uniform rod, not acted on by any forces, is in motion, 
its ends being constrained to alide along two fixed rods at 
right angles to each other in one plane. Prove that, during 
the whole motion, the wrenching force at any point of the 
moving rod varies as the product of the distances of the point 
from the two fixed rods. 

Let AB (fig. 24) be the moving rod, being the inter- 
section of the two fixed rods. Let C be any point in AB. 
Draw Cff, CK, at right angles to OA, OB. Let AB = 2a, 
AC= 2«, BG= 2v, jLBAO = 0, m = the mass of AB, ay = its 
angular velocity, which will be invariable. The actions and 
reactions and the wrenching force are indicated in the figure. 

d0 
Since -j- is equal to a constant quantity «o, 

dcosd . A a* cost? « „ 

s mm9 > sp "^ 

deinO A d* sin0 9 . A 

—j- — = CD COS0, — -53 — = — CO 8WU. 

For the motion of A C y we have 

^{2a-u)w*coB0^X (1). 

tom ePsmO „ _, 
-a- U -W-= S - Y > 

— co"sbc7=F-/8 (2). 

a v ' 

/* = (# + F)wcos0 + Xwsinfl (3). 

For the motion of BG, 

mo /« x d* sm0 ^ 

t*— 9) -& — r > 

_ 5 (J _ M ») „» sintf = F (4). 
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From (2) and (3), 3 



fi = Xu sin0 + 2 Tu cob0 » f sin0 cob0 

a 

= - »"usin0 cos0{t« (2a- u) - 2 (a 8 - u*) -u*} 

= — e>*w sin0 cos 0. 2a (u — a) 

a x ' 

= — 2roa>*. « sin0. (a — 1«) cos0 
= — £ma> 9 . 2u sin0 . (2a — 2w) CO80 
= - %mu\CH.CK 
oc Cfir.CiT. 
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Wednesday, Jan. 18, 1854. 9£...12£. 



1. There are n points in space, of which p are in one 
plane, and there is no other plane which contains more than 
three of them; how many planes are there, each of which 
contains three of the points? 

Conceive n points such that no plane contains more than 
three of them ; the number of planes, each of which contains 
three points, being equal to the number of combinations of 
n things taken three at a time, is equal to 

n(n-l) (n-2) m 
1.2.3 5 

now if p of these n points be selected, the number of planes, 
each of which contains three of these points, is 

p{ p-\){p-2) m 
1.2.3 ' 

hence, if these p points move so as to lie in one plane, this 

one will replace the *-*£ — ' ^ planes last mentioned ; 

the number required is therefore 

n(n-l)(ii-2) p(p-l){p-2) 
1.2.3 1.2.3 + 

2. A bag contains nine coins, five are sovereigns, the other 
four are equal to each other in value; find what this value 
must be, in order that the expectation of receiving two coins 
at random out of the bag may be worth twenty-four shillings. 
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Let the value of each of the four coins be x shillings. 
The chance of drawing two of the sovereigns 

~~ 1.2 : 1.2 - 36 5 

the chance of drawing one sovereign and one other coin 

c M 9.8 20 
= 5 - 4 ^r2 = 36 5 

the chance of drawing two of the other coins 

~~ 1.2 ' 1.2 ~~ 36 : 

therefore the value of the expectation in shillings = £# of 
40 shillings 4- f # of (20 + x) shillings + ^ of 2x shillings ; 

therefore 36 x 24 = 400 + 20 (20 + x) + 6 x 2#, 

864 - 800 = 32a?, 

x = 2; 

therefore the coin is worth two shillings. 

Otherwise. Let x shillings be the value of one of the four 
coins ; then the contents of the bag are worth (100 -f 4a?) 

shillings ; therefore one coin at random is worth 

shillings, two coins at random are worth # (100 + 4a?) shillings, 
and so on; 

therefore $ (100 + 4#) = 24, 

25 + x = 27, 
a; = 2; 
therefore the coin is a florin. 

3. Having given that w, v, and z are functions of the in- 
dependent variables x and y, and that one of the equations 

for determining them is -j- = v -j- ; transform this equation 

into one in which x and z shall be the independent variables. 
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This is simply an example in the change of the independent 
variables. 

In general, if u be a function of two variables x ) y, and 
x'j y are to be made the independent variables, x ) y being 
given by the equations 

* = *(*',?'), y-ZtojO (i), 

we have 

du _ (du\ d<f> (du\ df * 
te ~ \dx) Iti + \a\) te 



\dy. 
du _ (du\ d<f> fdu\ df 



(2), 



where the brackets indicate differential coefficients formed on 
the supposition that as, y are the independent variables. 

From these equations the values of f-^-j and \-r) might 

be found: but before solving the equations it will be simpler 
to introduce the peculiar conditions of the problem. 

Now x and z are to be two independent variables ; there- 
fore <f) y which denotes the value of sc in terms of the new 
variables, stands for <r, and / denotes the function that y is 
of x, z : hence 

d<f> d<f> _ df __dy df __dy 

dx 1 " 'ay" ' aWdi' ay~Tz' 

Substituting these values, equations (2) become 

du _ /du\ fdu\ dy du _ fdu\ dy 
dz ~~ \dx) \dy) dx J dz ~~ \dy) dz * 

From these equations 

dy 
fdu\ __du du dx 
\dx) ~~ dz dally* 
dz 

To find the value of -j- , we must observe that in the last 
equation -j- and -j- are found on the supposition that x and z 
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are the independent variables ; so that if u be a function of z 
alone, -=- will be equal to zero. Hence, writing z for w, 

fdz\ __ _ dx 

dz 
and substituting these values in the given equations, 

dy dy 

da ^du dx __ dx 
dx dzly" dy ' 

rfw dy du dy dy _ 
rfa: c& dz dx dx ~* ' 
the form required. 

4. (1) Trace the curve whose equation is 

tan 8 - + tan* y - = 1. 
a a 

Let a?', y' be the coordinates of a point in the curve ; then 
evidently the values x = mira + x\ y = W7ra -f y satisfy the 
equation: hence the whole locus consists of portions similar 
to the portion obtained by taking x and y from — \ir to + £tt. 

Again, the curve is symmetrical about the axes of x and y ; 
we may therefore ascertain the complete form by considering 
positive values only of x and y. 

Thirdly, x = makes y = -- a, and y decreases as x increases 

till x = — a, when y = ; and, if a? lie between - a and - a, 

y is impossible; therefore the general form is a closed round 
curve, and the entire locus consists of an infinite number of 
such round figures, at equal distances, on a series of equidistant 
lines at right angles to each other. 

(2) Trace the curve whose equation is 



• 
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This curve may be conveniently traced as an example of 
one of the theorems in the fourth question of the paper dated 
Jan. 18, 1^—4 ; it will be found so treated further on. 

5. Find the value of J tan l {m V(l — tan 8 a?)} dx] and shew, 

either from your result, or from the area of the former of 
the two curves proposed in the preceding question, that 

I tan" 1 V(l — tan 2 a;) dx is equal to ^('17) nearly. 
Let f(m) = I tan l [m V(l — tan 9 a;)} dx y 

Jo 

#r \ [*" V( l- tan's) , 

_ r* ir V(cosec 2 a;- 2).cosecsc.cota; coaecxdx 
"J {{m* + 1) (cosec 2 rc - 2) + 1} {(cosec'a; - 2) + 2} 

_ f °° v [vdv) 

-) {(m 8 +l)» a +l} {«» + 2} 

putting if for coaec'a; — 2, 

= 2Wi^ 2tan " , ^-vRTi) tan " lt ' V( ' wa+1) E 

7T 1 7T 1 

~ V2 2w a +~1 " 2 V(w 8 4l) (2m a +l) ' 
Now /(0) = 0; 

Al _ - », . ir [ m dm ir f m dm 

therefore /(») = ^ j^ ^^ - ^ J o VK + 1)(2 ^ +1) 

*■ i. -i /o v r dv 

= -tanmV2-2J Va+l) ^ TI 

putting v l for —5 H- 1, 



-;«*-*-?{;-«V(» +1 )}- 
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From this we obtain 



/. 



7T 8 

tan" 1 V(l - tan a #) dx = it tan l »J2 r 

4 



= it (tan" 1 V2 - J) 



= 7r x circular measure of (9° 44 f ) 

= it (-1699) ; 
a result which is confirmed by considering the curve traced 
above : for in that curve I tan" 1 »J{1 — tan 2 a?) dx is the ex- 



pression for J of the area of one of the round figures; and 
this area has been shewn to be less than the square on —a: 
and it may be shewn that the curve lies outside a circle whose 
radius is -■ a ; for when x = y, 

. x l 
a y 2 

therefore tan — — > 1 : 

a 



therefore > 



4' 



7T /l 

X> I a '\f2 



2' 

the abscissa of the curve is therefore greater than the cor- 
responding abscissa of the circle. Therefore the value of 

V(l — tan* a?) dx lies between — and — — , that is between 



J vv ' 16 4 16 

7r(-196) and 7r(*154); therefore 

I V(l — tan 2 a;) dx = 7r (*17) nearly. 

•J 

6. Determine the form of the function f(0) from the 
equation y( 2 0) = cos0/(0) ; 

with the condition /(0) = m. 
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Apply the result to find the centre of gravity of a circular 
arc. 

,/d\ e .0 

2\ sb (|.) ./(*) = an* ./(|) 



sm-= 
2" 







Now as n increases, — — -■ approximates to 1 and/f^J to m, 

sin r» 
2* 

-,~ sin# 

.-. f{0)=m.-Q-. 

The centre of gravity of a circular arc must be in the 
line drawn from the centre to the middle point of the arc. 

Let f(ff) express the distance of the centre of gravity 
from the centre of the circle, when is the angle subtended 
by the arc at the centre. 

Let AOB, fig. (25), = 20, AO = a. 

Bisect AOB by 0(7, and AOC, COB, by 0D } OE. 

Then, since the centre of gravity of AG lies in OD at 
a distance from equal to f{0\ and similarly for the centre 
of gravity of GB\ and since the line joining the centres of 
gravity of AG and GB must cut OG at right angles in the 
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centre of gravity of AB, therefore 

/(a*) -oos* ./(*), 

and m = a, in this case ; therefore 

x/a . sin0 

7. (1) A rod is marked at random at two points, and 
then divided into three parts at those points; shew that the 
probability of its being possible to form a triangle with the 
pieces is \. 

Let ABj fig. (26), be the rod, C its middle point, 2>, E, 
the middle points of .4(7, CB. 

In order that it may be possible to form a triangle, each 
of the pieces must be less than the sum of the other two, 
or in other words, each must be less than half the rod. 

To secure this it is clear that the two points of division 
P, Qj must lie on opposite sides of (7; the probability of their 
doing so is £. 

Let x be the probability that two points lying on opposite 
sides of the middle point of a line contain between them 
less than half the line : the required probability will be \x. 
Now there are four classes of ways in which the points may 
fall, all equally likely, the chance of each is therefore \. 
In the first of these classes, viz. when the points of division 
lie in 2) (7, CE, success is certain; in the second, viz. 
when the points lie in AD, EB, success is impossible; in 
the third, viz. when the points lie in AD, CE, the proba- 
bility of success is a?, for success depending on the distance 
between the points being less than AG, the probability is 
the same as if D G were removed, and success depended on 
the distance between the points being less than AD, and this 
probability is x by supposition; lastly in the fourth class, 
viz. when the points lie in. DG, EB^ it may be shewn by 
similar reasoning that the probability of success is x. 

E 
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Hence x is equal to the sum of the four compound pro- 

1 x x 1 

babilities - + - + T + - , therefore x = -, and the probability 
4 4 4 4 I 

required is -. 

Otherwise. Let a be the length of the rod, x } y, the 
distances of the two points of division from one end, x being 
greater than y. Then the lengths of the three pieces are 
y, x-y, a-x. 

And the conditions of the problem give, as above shewn, 
a a a 

Now let x, y, be the coordinates of a point referred to the 
rectangular axes Ox Oy, fig. (27). 

Let 0^4 = a, AB = a, OAB=±ir. 

Then every possible way of dividing the rod may be repre- 
sented by a point in the triangle OAB, and the chance of 
succeeding will be equal to the ratio of the area which con- 
tains points corresponding to favourable cases, to the area of 
the whole triangle. 

Now we must have y < £a ; therefore if CD bisect OB and 
AB, points in CDB are not favourable. Again, since x—y< £a, 
points in EDA, E being the middle point of OA, are excluded. 
And lastly, since a — x < $a, ox x> £a, OCE is excluded. 

Hence the required chance is equal to area ECD ~ area OAB = - • 

4 

7. (2) Again : a piece is cut off the end of a rod, and 
the remainder is cut into two pieces at random; shew that 
the probability of its being possible to form a triangle with 
the pieces is in this case log e 2 — £. 

Let AB (fig. 28) be the rod, C its middle point ; then, 
if A be the end from which the piece is cut off, it is necessary 
that the first point of section P should fall within AC, and 
also that each of the parts into which PB is then divided 
should be less than half the rod. 
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First, the probability that P, which may fall anywhere in 
-42?, falls within AC, is equal to J. 

Let the rod be divided into n parts, each equal to Sx 9 so 
that a = nSx. 

Then, if P fall on the r** of these parts, there is a portion 

of the rod equal to ( 1 J a within which the other point Q 

may fall. 

Let this part be divided into m parts, each equal to fy, 

so that (l j a = mSy. 

Then the whole number of ways in which P and Q may 
fall is mn] and these ways are all equally likely. 

Now to estimate in how many of these ways the formation 
of a triangle is possible, we observe that if r > - , a triangle 

cannot be formed ; and if r < - , then the space within which 
Q must fall, so as to make a triangle possible, is CP\ 
where PP' = AC\ and CP' is equal to - a » m — — Sy. 

Therefore the number of favourable cases is 2 r . m « 



n — r 

These results are approximately true when m and n are 
large*; they will be strictly true in the limit when m and n are 
indefinitely increased : therefore the chance required is equal to 

limit — 2^ m 



n — r 



= limit - 2^ 



n n — r 



rX • 7* 1 

.. dx writing x for - and dx for - , 
_„l-a? ° n n J 

-{-log(l-«)-«}J 
= log,2-i. 



£2 
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If we wish to apply to this problem the geometrical method 
by which the former was solved, we may take AP=x, 

PQ = f l \y. Then every permissible way of cutting the 

rod will correspond to a point (xy) in a certain square: and" 
the areas containing the points which correspond to unfavour- 
able ways will be cut off by three lines, a straight line (x = - J , 

t 
and two hyperbolas whose equations are (a — x)y = — , and 

(a — x) (a — y) = -—: this method will require the evaluation 

of the same integral as the preceding method, of which it may 
be considered as a geometrical illustration. 

8. One helix rolls upon another, (the inclination of the 
curve to the axis being the same in both,) in such a way 
that the osculating planes of the two curves at the point of 
contact coincide; find the curve traced out by a point in the 
rolling curve. 

If a helix be traced on the surface of a cylinder, and a 
line be drawn through any point of the curve perpendicular 
to the axis, the osculating plane will pass through this line, 
and through the tangent line to the curve. If therefore two 
helixes be traced on the surfaces of cylinders, and the in- 
clination of the curve to the axis be the same in each, if 
one of the cylinders be placed within the other, and roll round 
inside it, the one curve will roll upon the other, and the oscu- 
lating planes at the point of contact will always coincide ; the 
motion will therefore be of the kind described in the enun- 
ciation: and a point in the rolling curve will evidently trace 
out a hypocycloid. If the one cylinder be exterior to the 
other, that is if the curvatures of the two helixes be in 
opposite directions, a point in the rolling curve will trace out 
an epicycloid. 

9. -4, -B, Cj are three fixed points, and P a point which 
moves first half-way to A, then half-way to B 1 then half-way 
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to Cy then half-way to A again, and so on for ever; shew 
that from whatever position P start, its path approximates to 
the perimeter of a certain triangle whose area is one-seventh 
of the area of the triangle ABC. 

Let ABC (fig. 29) be the triangle formed by joining the 
given points. 

We shall first shew that there is a triangle A'B'C, such 
that if P start from C it will continue to move in the perimeter 
of GAB'. 

Find the points 2), E, JF, such that 

BD = 2DC, CE=2EA, AF=2FB. 

Join AD, BE, CF, AB\ BC, CA'. 

Let a, J, c, Xj stand for the areas of the triangles AAB\ 
BBG\ CCA, AB'C\ respectively. 

Then, since A F = 2FB, 

lC'AB' = 2C'BB\ 
(for C'AF= 2CBF and B'AF= 2B'BF 7 ) 
or x + a = 26. 

Similarly, x + b = 2c, 

a? + c = 2a ; 

therefore, multiplying the second equation by 2, and the third 
by 4, and adding, 

7x + a = 8a ; 



therefore 


a; = a; 


therefore 


CM' = ^4. 


Similarly, 


^'5' - B'B, 




B'c = era 



If, therefore, the point P start from C", and move according 
to the law stated in the enunciation, it will continue to move 
in the perimeter of the triangle AB'C. 

Now, let P start from some other point C ; and let the 
successive points where it rests be A l9 B t1 C i ; A i} B i} C % ; &a. 

Join tf C", A % A, B X B% C X C, A^A\ &c. 
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Then, since C A is bisected in A t , 

and C'A A', 

therefore A t A' = i0 C. 

Similarly, B X B' - \A X A\ 

W-iBJTi 

therefore Cfi' = \C t C. 

Similarly, C n C = (t)"0,C; 

therefore the successive resting-places of P approximate to the 
points A'B'C, and the path of P to the perimeter of A'B'C 

Next to find the area of AB' C\ 

CC'^C'B'i 

therefore A A CC = A CB' = x + a = 2a?. 

Similarly, 2L14' = 2a?, 

CSS' = 2a?; 

and lABG is made up of these three triangles, together with 
A'B'C; 

therefore A ABC = 7a?, 

or the area of A'B'C is one-seventh of the area of ABC. 

Otherwise: Let the plane which passes through ABC be 
taken as the plane of xy ; and let 

a a be the coordinates of A, 

J J B. 

x C „ C G > 

x'y'z' the original coordinates of P, 

AAA *^ e coordinates of P after moving half-way towards -4, 

Av\k -^ 

A/iA a > 

AAA A i 

&c. 
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Then 


1 1 




A = 2«* + 2 A > 




ss 2' b + l» a+ l X ' i 
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A -j^ + j^ + §;■ + §«'• 

Let c x be such that - ,c + -J> + -.a - ^ c. ; 

7 . 1 . 

Similarly, (,c, - c„) - i (,c, - cj 

and so on ; therefore (js n — c m ) = r, («' - O ; 

o 

therefore, when n is increased indefinitely, 
limit Cp.-0-O^ 

limit A « c x a - x c + -„J + -,a. 

Similarly, limit ,c n = -^c + - y b + y ,a, 
and limit g c M * 0. 

If, therefore, we select every third resting-place of P,* these 
will approximate towards a certain point in the plane of ABG } 
whose coordinates are given above. 
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Call this point C\ and let A'B' be the similar points; then 
the coordinates of A' will be 



and of B\ 



7 * a + 7 * c + 



4 . 2 

7 ir ~ 7 » ^ 






M C. 



So far we have proved that there is a triangle A'B'C\ to 
whose perimeter the path of P approximates; we proceed to 
find the area of this triangle. 

The area of ABC is equal to 

and a similar expression might be written down for the area 
of A'B' C' y involving the values of the coordinates of A'B'C 
given above. 

In this latter expression the coefficient of x ajb would be 

1/16 _4 i__i__± - A > \ 
2V49 + 49 + 49 49 49 49/ 

= 2(t) ; 

and by symmetry the expression for the area of A'B'C will 
be similar to that for ABC, every coefficient in the one being 
one-seventh of the corresponding coefficient in the other : there- 
fore the area of A'B' C is one-seventh of the area of ABC. 



10. A string has a heavy particle at one end, and a small 
smooth ring at the other; a loop, formed by passing the 
particle through the ring, surrounds a fixed rough horizontal 
cylinder, the string being in one plane perpendicular to the 
axis : find the limiting positions of equilibrium ; and shew that 
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in every position of equilibrium the three angles at the ring 
will be all obtuse unless the coefficient of friction exceed 
2 log* 2 

Let P (fig. 30) be the heavy particle, A the ring, PACBA 
the string, PA G passing through the ring ; the axis of the 
cylinder. 

Let P be the weight of the particle, 
T the tension of AB, 
the angle BOG, 
fjL the coefficient of friction. 

We must first find in what positions the system will rest, 
and then limit fi so as to exclude the possibility of acute 
angles at A. 

If the system be at rest, the conditions of equilibrium of 
the ring will be satisfied, and also the relation between P and T 
will be such that the string may not slip round in either di- 
rection. To secure this latter we must have 

r>Pe-^ 2x - e >, and T < Pe^ 2 *" 6 ) (1), 

and the ring will rest if 

angle BA C= angle BAP (2), 

and r=2Pcos^^, 

2 

or T = 2Pcos0 (3), 

2 



PAG 
(for BAG = ir - 0, and BAG = BAP; therefore —^ = 0). 



If (1), (2), (3) be satisfied the system will rest. 

Again, since PAG < tt, therefore BAC^ BAP must each of 

them be greater than -. If, therefore, there be an acute 

2 

angle at -4, it must be PAG. It is required therefore so to 
limit fju that no value of less than — shall satisfy the con- 
ditions (1). 
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Substitute in (1) the value of T given by (3) : then 

2co8tf>e^ 2 *- a > (a), 

2 cos* < +<>*"*> OS). 

First, consider the condition (a): as increases, cos de- 
creases, and e^ 3 *' ) increases, so that the smaller the value 
of the more likely is the condition (a) to be satisfied: it 
is clear then that this condition cannot exclude small values 
of 0. 

Consider then condition (/3), which may be thrown into 
the form 

e M6 cosd<ie 2w ( 7 ). 

Now J 1 cos0 is a maximum relative to for the value 
= tan" 1 /a. First, suppose fi < 1 ; then, since the value of 

g cosd increases as changes from to tan" 1 /a, and decreases 
as changes from tan" 1 /* to — , it is clear that (<y) will be 

inconsistent with all the values of from to - , provided 

it be inconsistent with these limiting values themselves, (one 
or the other of these being the value most likely to satisfy (7) ). 
It is required therefore so to limit fi that (7) may be incon- 

sistent with = and also with = j ; that is, in order to 

exclude acute angles, we must have 

* 1 2/*ir log. 2 

!>K , or M<~^-, 

and V2 > e^-W, or /*<i^ t 

which are both satisfied by 

2 log. 2 

Secondly. Suppose /* > 1. Now, since tan" x /B> which is 
the value of which makes e M cos# a maximum, is greater 
than j , therefore 8 cosd increases as changes from to — ; 
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therefore (7) will be inconsistent with every value of between 
and - , provided it be inconsistent with *= ; that is, in 
order to exclude acute angles, we must have 

log, 2 

but this is impossible, for by supposition ft > 1 ; therefore, 

if ft > 1, we cannot exclude acute angles. 

On the whole, therefore, there will be no acute angle at 

the ring if 

2 log* 2 



/*< 



7tt 



11. Two parallel vertical walls are one smooth and the 
other rough, and between them is supported a hemisphere with 
its curved surface in contact with the smooth wall, and a point 
in its rim in contact with the rough wall: find the pressures 
on the walls, and the least coefficient of friction consistent 
with equilibrium. 

The hemisphere is at rest under the action of three forces ; 
their directions must therefore lie in one plane, and pass 
through one point; this plane must be vertical, and perpen- 
dicular to the two walls. 

In this plane let (fig. 31) be the centre of the hemisphere 
ACB } G its centre of gravity, COE a horizontal line through 0, 
GD vertical through G : join. OG, DB. 

Let a = A 0, the radius of the hemisphere j 
b = CE, the distance between the walls ; 
a = A Gy the inclination of the plane face to the horizon ; 
= BDE. 
When the system rests the whole action at B must act along 
JRZ>, since the directions of the two other forces pass through D : 
and the only condition to be fulfilled is, that the wall EB be 
sufficiently rough to exert a force in a direction making an 
angle 6 with the normal; that is, we must have 

/M <£ *an0. 
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Now b = a (1 + cosa), 



and tan = -g^ 



BO sin a 



50 cosa + OO sina 
1 



cota + § 



, since 0(7 = fa, 



Tr ^~TT i 



V(2aJ-6") 

therefore the least coefficient of friction consistent with equi- 
librium is 

1 
6 — a 



V(2oft-6 2 ) + * 



12. A body moves under the action of a force whose di- 
rection always touches a given plane curve, shew that, so long 
as the curvature is continuous, the areas, which it sweeps out 
about the moving point of contact, are not proportional to 
the times. 

This may be proved in the way in which Newton proves 
his first proposition. 

Suppose that a body in motion is deflected by a succession 
of impulses, at equal intervals of time, but that the directions 
of the impulses do not pass through one point. 

Let AB (fig. 32) be the space described by the body in 

the first interval; 
BC the space it would describe in the next ; 
J9/3 the direction of the impulse at B. 
BG the direction in /which the body moves after the 

impulse; 
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then if G'C be drawn parallel to B/3, the body will at the end 
of the second interval be found at (7; and, as in Newton, 

area /3AB = fiBG. 

Similarly, if Oy be the direction of the impulse at 6 Y , and 
CD the space actually described in the third interval, it may 
be proved that 

area£B<7=£aZ); 

therefore yCD > fiBG. 

Similarly, 8DE > y CD, 

&c. 

Therefore, in any number of intervals the body describes an 
area which is not proportional to the time, but (as the figure 
is drawn) describes an area which increases more rapidly than 
in proportion to the time: therefore, in the limit, when the 
number of intervals is increased and the magnitude of each 
diminished, (in which case the series of impulses approximates 
to a continuous force, and the locus of £78... to a curve touch- 
ing the line in which the impulse acts,) the areas described 
by the moving body are not proportional to the times of de- 
scribing them. 

Note. If the line By had been drawn to cut C/3 instead of 
cutting C/3 produced, and so on, then the area would have 
increased less rapidly than in proportion to the time. 

13. A body describes a cycloid under the action of a force, 
which in every position of the body is directed towards the 
centre of the corresponding generating circle ; find the law of 
the force and of the motion of the centre of force. 

Let the equations to the cycloid be 

x = a{0 + sin0), y = a(l — cos0) ; 

.. , d % x <P0 . a (d0\* „d*0 

therefore y -a y -a«n^j) taooi^, 

d*v ./rf0\ 2 . n d*0 
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In any position of the generating circle, the radius drawn 
through the tracing point is inclined at an angle 6. to the axis 
of y. Therefore, representing the force by F, and remembering 
that there is no force perpendicular to this, we have 

d*v . ^ d*x ~ 
= -j£ sin0 + T-f cos0 

= a(l + cos0) ^; 

t ,. d % d0 

therefore -^ = 0, -j = const.; 

therefore the centre of the generating circle moves uniformly 
and the force is constant. 

This result might have been expected: for if a circle be 
fixed, a body, if projected with proper velocity, will move 
uniformly in its circumference under a constant force towards 
the centre ; and if an initial velocity of translation be commu- 
nicated both to the body and to the centre of force, the relative 
motion will not be disturbed : but if this velocity of translation 
be equal to that of the body in the circle, the absolute motion 
of the body will be in a cycloid, and will be preserved under 
the action of a constant force directed towards the centre of the 
corresponding generating circle, that circle moving uniformly 
in a straight line. 

14. A surface of the second order circumscribes a tetra- 
hedron, and each face of the tetrahedron is parallel to the 
tangent plane at the opposite angular point; shew that the 
centre of the surface coincides with the centre of gravity of 
the tetrahedron. 

Let ABGD be the angular points of the tetrahedron. 
Tf the plane of the face BCD be produced, it will cut the 
surface in a curve of the second order: we shall shew first 
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that the centre of this curve coincides with the centre of gravity 
of the triangle BCD. 

Since the tangent plane at B is parallel to the plane A CD, 
therefore the intersections of these planes with BOD are pa- 
rallel ; that is, CD is parallel to the tangent to the curve BCD 
at B. Therefore the line drawn through B to bisect CD will 
pass through the centre of the curve BCD. But this line 
evidently passes through the centre of gravity of the triangle 
BCD: therefore the centre of the curve BCD, and the centre 
of gravity of the triangle BCD, lie on the same straight line 
through B. Similarly it may be shewn that a line through 
C or D passes through the aforesaid centres; therefore they 
coincide. 

Let this point be called &,and join AG. 

Then, since the tangent plane at A is parallel to the plane 
BCD, and a line is drawn from A to the centre of the curve 
BCD, therefore this line passes through the centre of the 
surface. And since this line is drawn from the vertex of a 
pyramid to the centre of gravity of the base, therefore it passes 
through the centre of gravity of the pyramid. Hence a line 
can be drawn through A, passing through the centre of the 
surface, and through the centre of gravity of the tetrahedron. 
And the same may be proved of any other angular point. 
Therefore the two centres, the centre of the surface and the 
centre of gravity of the tetrahedron, coincide. 

15. A horizontal cylinder revolves with uniform velocity 
about its axis, and an endless chain, passing round it, revolves 
with it in such a manner that the form of the chain in space 
is always the same; shew that the form of the curve is in- 
dependent of the velocity. 

Let Fbe the velocity of any point of the chain, 
h the mass of a unit of length of the chain, 
T the tension at any point of the chain not in contact 

with the cylinder, 
p the radius of curvature, 
the inclination of the tangent to the horizon at this point. 
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V and k are absolute constants : T and p may be considered 
as functions of 0, since the position of any point is determinate 
when a value id assigned to 0. 

Since the velocity is constant, the accelerating effective force 

F* 
at any point is — along the normal; and by D'Alembert's 

principle the chain would hang in its existing shape under 
the action of gravity, and the reversed effective force acting 
at every point. Therefore, resolving the forces on any element 
along the normal and tangent, 

T7i m 

(1), 

(2), 





^COS0 + 


Yl. 
p \ 


_ T 
kp 




9* 


rin0 = 


i 

" kp 


dT 




dd' 


, eliminating 


1 


dT 








k 


dO 


= tan0; 




T' 


- V 







therefore, integrating, 

lo ^T- p ) = log(C8 ^ ); 

T 
therefore — — F 1 = O sec0; 

therefore, by (1), - = ^ cos*0 ; 

therefore -53 = — sec*0. 

dd g 7 

s being the length of the chain measured from some point 
fixed in space, as the lowest point; 

Q 

therefore 8 = -— tan 0. 

9 

the equation to the common catenary. 
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We have thus proved that the species of curve which the 
moving chain may assume is a catenary; it remains to shew 
that the magnitude and position of the catenary are indepen- 
dent of the velocity. 

For this purpose, let the student draw a circle to represent 
a transverse section of the cylinder, and a catenary with its 
axis vertical to represent the free part of the chain ; the circle 
and catenary will touch each other in two points, on opposite 
sides of the axis; if he now draw another catenary with its 
axis vertical, and (like the former) touching the circle, he will 
find that he is obliged to draw it either entirely within or 
entirely without the former, according as the parameter of the 
second catenary is greater or less than that of the former ; and 
this would require the length of the chain to be less or greater 
than before: but the length of the chain is given, therefore 
the magnitude and position of the catenary are determinate, 
and this without reference to the velocity of the chain. 

Otherwise. (The following ingenious proof was sent up in 
the Senate-House by one of the candidates : it is given with 
a few additions, which have been placed between brackets.) 

If we suppose there to be perfect friction between the chain 
and the cylinder, [or if we suppose the cylinder to be smooth,] 
since the string is always stretched, the principle of virtual 
velocities will hold for the effective forces reversed, and the 
impressed force of gravity. 

But the effective forces are by themselves in equilibrium, 
because the velocity and direction [of motion] of each point, 
[fixed in the chain] are the same each time it reaches the same 
point [in space ; and therefore the resultant of all the effective 
forces on it during a revolution is nothing, since the motion is 
the same at the end as at the beginning of that time ;] and to 
each point at different times correspond all the points at the 
same time, [that is, the effective forces which act on an element 
of the chain in its revolution, are the same as the effective 
forces acting on the several elements of the chain at any parti- 
cular epoch : therefore, as above asserted, the effective forces on 
the whole chain at any epoch are in equilibrium by themselves]. 
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Therefore the principle of virtual velocities holds for gravity 
only, and therefore the form of the [moving] curve [satisfying 
the same conditions as if it were hanging subject to gravity 
only,] is the common catenary. 

Note. This problem is a particular case of the following: 
If a uniform endless chain rest in any form, subject to the 
action of forces depending only on the position of the particle 
acted on, and to the reactions of smooth surfaces, it would 
continue to move in the same form if put in motion in such 
a manner that every point of the chain begins to move in the 
direction of the tangent at that point. 

This proposition may be easily proved by referring to the 
general equations for a flexible string. The equations of equi- 
librium are three, 



*(r£) + x + x,-ol (1)> 

&c. J 



the &c. standing for two other equations related to the axes of 
y and z in the same manner that the above equation is related 
to the axis of <r; and X, X x standing for the resolved parts of 
the forces which depend on the position of the particle, and of 
the reactions of the fixed surfaces, if the point (a?, y, z) be in 
contact with such surface. 

If T were eliminated from equations (1), the two resulting 
equations would be satisfied by the coordinates of every point 
in the chain. 

Now suppose the chain to be moving in the form in which 
it would rest, in such a manner that every point is moving in 
the direction of the tangent, and therefore that every point 
has the same velocity ; let V be this velocity, T the tension 
at x, y, *, and suppose X, I", iT, to be the forces required to 
continue such motion, while the reactions continue the same. 
Then we shall have the three following equations of motion : 



&c. J 



(2). 
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Now ^-r^ *x_ vt d'x 

therefore equations (2) become 



&c J 



(3); 



and, as before, if T were eliminated from equations (3), the two 
resulting equations would be satisfied by the coordinates of 
every point of the moving chain. 

In order that the curve, whose equations result from 
eliminating T from (1), may be the same as the curve 
whose equations result from eliminating (T — kV*) from (3), 
X\ Y', Z\ must be certain functions of xyz] whatever forms 
of X\ Y\ Z\ proper to effect this, may exist, it id dear that 
if X\ T'j iT, be equal to X, Y y Z, respectively, the curve* 
will be the same. If therefore the chain, when, in motion 
be subject to the same system of forces as when at rest, it 
will continue to move in the same form, the reactions of the 
fixed surfaces will be the same as before, and the tension at 
every point will be greater than before, by kV * 

16. An inclined plane is fixed on a table, add from the. 
foot of it a body is projected upwards along the plane with 
the velocity due to the height c; after passing over the top 
of the plane the body strikes the table at a distance z from 
the foot of the plane; shew that, if the length of the plane 

be ?, and a its melinatkm to- the horizon be less than - , the 



greatest value of z for given values of c aad a is 

and corresponds to the value I = 2c , . 

*"- cosa 

Let Y l» :the:ariginal velocity^ m that. V* =s%c; 

h the height of the inc&ied plane, se that h « I sin a ; 
v the velocity on reaching the top of the plane, so that 

v* = 2y(c-A); 
x the horizontal distance of flight, so that z = x + h cot a. 

P2 
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From the equation to the path of the projectile, (the top of 

the plane being origin,) 

t 9 3? 

— A = 2 tana — *- 



2 tf cos* a 

g a? 

= x tana — — 77-7 t\ r~ 5 

2 2<7(c-A) cos"a 7 

a? 
therefore (c- A) (A + a tana) = 5-; 

therefore, substituting z - A cot a for a, 

/ t\ ^ (* — A cota)' 

(c - A) z tan a = ±— A 5 — '- ; 

v ' 4 cos"a ' 

therefore 

s" - 2(Acotacos2a + csin2a)s + A* cot"a = ... (1): 

and, differentiating with respect to A, in order to find the 
maximum value of *, 

{z — (A cota cos2a + c sin2a)} -j? — cota cos2a.2 + A cot" a = 

* (2), 

therefore g = 0, tf.-A^-j 

therefore, substituting this value of z in (1), and reducing, 

T cos 2a 
h = c — y— : 
cos'a 

also substituting in the coefficient of -gr in (2), 

A — A cota cos2a — c sin2a = c Bin 2a: 

cos 2a 

therefore* as A increases through the value c — -.— , the co- 
' ° cos*a 7 

efficient of -« continues nearly equal to c sin2a, and therefore 

continues positive, while the remainder of equation (2), viz. 
— cotacos2a.s + A cot* a, increases from — to +, for z is sta- 
tionary and A is increasing; 

dz 
therefore -jr changes from -f to — ; 
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therefore 2 is a maximum when 

7 h cot2a 

I = - — = 2c 
sin a 

and z = 



cos 2a sin a cos a 

17. A slender ring, moveable in a vertical plane, has a fixed 
rough cylinder passing through it, the axis of the cylinder being 
perpendicular to the plane of the ring ; the ring whirls round 
in its own plane so as always to be in contact with the cylinder, 
and to roll on it without sliding: if V X V % be the velocities of 
the centre of the ring when in its highest and lowest positions 
respectively, and if P be the point of contact, the centre of 
the ring, when the tendency to slide is greatest, and OA a 
vertical drawn downwards through 0, shew that 

coaPOA = 2 ^5 — ^ . 

Explain the result when F 9 9 > 3 V*. 
Let a, b } be the radii of the ring and of the cylinder, 
<f> the angle POA (fig. 33), 
the angle which a particular radius fixed in the ring 

makes with a fixed line in the plane of the ring, 
jP, By the friction, and normal action at P, estimated 
as accelerating forces. 

The tendency to slide will be greatest when ^ is a maxi- 
mum, provided it never become infinite; we must therefore 
find an expression for -^ and make it a maximum. 

Applying D'Alembert's principle, and resolving forces pa- 
rallel and perpendicular to OP, and taking moments about 0, 
we obtain 

(«-*)(§)* = <? cos* + i* (1), 

(a-b)^=g*m<f>-F (2), 

*?-* <»>• 
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Also, since there is no sliding at P, 

t 

by which (3) becomes 



, , x d<f> dd 



(«-»w = F «• 

To express ( -^ J in terms of <f> ; 
from (2) and (4), 2 (a — b) -^ = g sin<£ ; 

•"• (a "" J) &)*= C - ffCOail> (5) - 

From (1) and (5), B=C-2g cos<£ (6), 

and from (2) and (4), F = \g sin<£ ; 
F_ 1 Bin<t> 

COS0 

and this is a maximum when 

cos£ as -£ . 

It remains to introduce V l and F a instead of 0; 
from (5), *7-(<7-d(a-i) 

g _ V*~ V* 

Hence the tendency to slide is greatest when 



:::!} co, 



y* _ F* F* - 3F* 

Since 2 -=* a p?, = I + rri , rr« 1 ** follows that the ex- 

pression for cos£ is less than 1 only when F 9 8 < 3^'; hence 
arises the question, What happens when V* is greater than 
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3 V*? Now, by substituting for Vf, after eliminating from 
equations (7), the expression for cos<J> becomes 

therefore, as V* decreases from oo to g{a — 6), <f> decreases from 
— to 0; and if V* be less than g(a — J), <£ becomes impossible, 
and at the same time F a 8 becomes greater than 3^*. 

Hence, if the ring revolve very rapidly, the risk of sliding 
is greatest when the centre of the ring is only just above a 
horizontal line through the centre of the cylinder ; if the speed 
be diminished, the position in which sliding is more probable 
than in any other becomes nearer to the highest position of 
the ring; if the speed be such that V* =^(a — J), the risk of 
sliding is greater when the ring is highest, than at any other 
part of the revolution. In this case (i.e. when V* = g (a — b) } ) 

0=2,7 by (7), 

and therefore when the ring is highest, 

£ = by (6); 

and though F = 0, yet -= = oo . 

A smaller value of V t * } besides making V* > 3 F t a , would 
make the expression for JB, given by (6), negative ; hence we 
see that the contact between the ring and the cylinder would 
be broken before the ring completed a revolution, and that 
the risk of sliding would never be a maximum, in the proper 
sense of the word, but would increase without limit as the 
ring approached the critical position at which it would fall. 

18. A cylindrical vessel is moveable about a horizontal axis 
passing through its centre of gravity, and is placed so as to 
have its axis vertical; if water be poured in, shew that the 
equilibrium is at first unstable; and find .the condition which 
must be satisfied, in order that it may be possible to make 
the equilibrium stable by pouring in enough water. 
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Let GFD (fig. 34) be the base of the vessel, 
O its centre of gravity, 
AEB the surface of the water, 
H its centre of gravity, 
CF=a, FE=h, FQ = c. 

The equilibrium will be stable if, on the vessel being turned 
round through a very small angle, the resultant of the fluid 
pressures tends to bring the vessel back to its former position, 
the weight of the vessel producing no effect, because the centre 
of gravity lies on the axis of motion. 

Now the line of action of the resultant pressure is the same 
as if a solid cylinder, that would just fit into the given cylinder, 
were floating on a fluid, in such a manner that the volume of 
fluid displaced were equal to the volume contained in the given 
cylindrical vessel; for the pressures would be the same in the 
two cases, except that in the one they would act downwards 
and outwards, in the other they would act upwards and inwards ; 
therefore in the existing case the downward resultant acts 
through Mj the metacentre of the space AD\ and by the 
usual formula we have 

ira 4 

hence the equilibrium will be unstable if 

h a* 

2 + a >c > 

or if W — 2hc + — be positive. 

Now by the Theory of Equations this is always positive 

unless h be between 

//. <* 
c± 



V('-f)< 



Now if it be possible to make the equilibrium stable, these 
two quantities must be real; hence the required condition is 

that <? be greater than — . 
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19. Given the directions of three plane mirrors in space, 
construct a straight line, such that, if light from *t be reflected 
by the three mirrors in succession, the third image shall be 
parallel to the straight line. 

From the centre of any sphere draw radii perpendicular 
to the mirrors, and let A, B, 6 V , (fig. 35) be the extremities 
of these radii: then, if we can construct a spherical triangle 
A'B'G', such that A, B, (7, shall be the middle points of its 
sides, the radii OA, OB\ OG\ will severally satisfy the re- 
quired condition. For, supposing the images to be formed by 
the mirrors corresponding to A, B, (7, in succession since 
OB', OG'j are equally inclined to the normal OA, the image, 
formed by A, of OB', will be parallel to OC'; similarly, the 
image, formed by B, of a line parallel to 0(7', will be parallel 
to OA' ; and the image, formed by (7, of a line parallel to OA, 
will be parallel to OB' ; so that if there be a luminous object 
parallel to OB, the first and second images of it will be parallel 
to OC' and OB', and the third image will be parallel to the 
object. The problem is thus reduced to the determination of 
a spherical triangle, the middle points of whose sides shall 
coincide with three given points on the surface of a sphere. 

Join BG by an arc of a great circle, and produce it both 
ways to meet B G' produced in D, E; DAE is a semicircle, 
and A is its middle point. (Hymers' Spherical Trigtmometry^ 
Prob. 7.) 

Hence the triangle A'B'G' is to be found by the following 
construction : Join BG, and produce it both ways to meet the 
great circle, of which A is the pole, in the points D, E: join 
DAE] part of this circle will be the side B'G' of the required 
triangle; similarly, the sides AB\ AG', may be constructed; 
and hence the lines OA, OB', OC', may be drawn. 

The above construction for the required line may be put 
into the following form, which is independent of spherical 
trigonometry. 

Let a, /3, 7, be the names of the mirrors in the order in 
which successive images are formed by them. 
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Let a meet a plane perpendicular both to /3 and to y, and 
through the line of intersection draw a plane perpendicular 
to a; similarly, let 7 meet a plane perpendicular both to a 
and to /3, and through the line of intersection draw a plane 
perpendicular to y ; the intersection of these two planes (which 
correspond to DAE and A'CB' respectively,) is the line 
required. 

It may be remarked that there is only one solution to the 
problem; that is, when the order in which the light falls on 
the mirrors is fixed, there is in general only one direction of 
the object which satisfies the required condition. 

For though we may take, instead of A y the diametrically 
opposite point, and so of B and (7, still we shall not obtain 
any other line than OB'. For the great circle through BG 
will not be affected by the supposed change, neither will the 
great circle of which A is the pole ; the points D and i?, and 
the circle DAE, will therefore always keep the same position ; 
hence the three circles which intersect in B\ C\ A will always 
keep their present positions. 

Note. By the above construction we have secured, not only 
that the third image shall be parallel to the original line, but 
that corresponding ends shall be turned towards the same parts. 
For instance, if the object were an arrow, and B' corresponded 
to the head, and to the feathered end, then in the first image 
C would correspond to the head, in the second A\ and in 
the third B' ; so that the third image would point in the same 
direction as the object. 

If it be required that the third image shall be reversed, 
it may be shewn that the problem is impossible unless the 
mirrors are all perpendicular to one plane. 

For, as before, supposing ABC (fig. 36) to be normals to 
the mirrors, OB' will be reflected by A into 0G\ OC by B 
into OA\ OA f by C into OB" ; and it is required to find B' 
such that B" (instead of coinciding with B\ as before,) shall 
be at the opposite end of the diameter through B'. Hence 
B'C produced will pass through £", and B'C'B" will be a 
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semicircle. Let A t be the middle point of C'B" } then AA X 
is a quadrant, and the problem is reduced to the following: 
Given three points A, 2?, (7, to find a triangle C'A'B" such 
that the middle points of its sides may be B, C 7 and a point A x1 
whose distance from A shall be a quadrant, and that the side 
B n C produced shall pass through A. Now, under these cir- 
cumstances BC produced meets B"C in points whose distances 
from A t are quadrants; that is, the great circle through BG 
passes through A. If this condition be not satisfied, there 
can be no triangle C'A'B" possessing the above-stated pro- 
perties, and the problem of the reversed arrow is impossible. 

But if the three mirrors be perpendicular to one plane, the 
above condition is satisfied, and any point A 1 may be chosen 
on the great circle, of which A is the pole, and a triangle 
C'A'B" constructed by the method given in pages 72 and 73, 
whence OB' may be drawn. 



/ 20. Shew that, in latitude 60°, on the 21st of March, the 
setting Sun is visible for about 69 seconds longer from the 
top than from the bottom of a tower 66 feet high, taking the 
Earth's radius 4000 miles and neglecting the effect of refraction. 

On the 21st of March the Sun is on the equator; and 
therefore in t seconds of time he describes 15* seconds of 
space : again, in latitude 60° the inclination of the equator to 
the horizon is 30°; therefore when the Sun has described 15l" 
from the horizon, measured along the equator, his vertical 
distance below the horizon is (15£.sin30°)" = y £". If therefore 
the setting Sun be seen t seconds longer from the top than 
from the bottom of a tower, the dip of the horizon as seen 
from the top must be ^t" ; therefore a straight line, drawn 
from the top of the tower to the horizon, subtends at the 

centre of the Earth an angle of ¥*" or ¥* 180x 6 0x60 m 
circular measure; 

( it \ _ Earth's radius + height of tower 

.-. secant ^ 180x60x80 ¥'J - Earth's radius i 



76 SENATE-HOUSE PROBLEMS AND RIDERS. [Jan. 18, 



1 / w \ 

''• l 4 2U0X6O + 6O v) - x + 



4000 x 1760 J 



U80 x 60 x 8 ' 7 4000 x 40 U00J ' 

± 216 216 nn . 
.\ £ = — = -—r- = 69 nearly. 

7T 6-f 



21. Shew how to determine graphically the path of the 
centre of graduation of a mural circle, by observing the dif- 
ferences between the readings of any three microscopes, (seve- 
rally corrected for runs,) for various positions of the instrument. 

Let A O (fig. 37) be the direction of the axis of the first 
microscope, inclined at an angle A to the horizon, 

(7 *the position of the centre of graduation when the 
circle is in a certain position, chosen as a standard 
position : C will serve as an origin to which the path 
of the centre of graduation may be referred, 

C its position when the instrument has been turned 
through a certain angle <f>, 

C C = /> ; inclination of G C to the horizon = 0. 

If the values of p And 6 be ascertained for a great number 
of successive positions of the instrument, the path of the centre 
of graduation may be laid down on paper. 

Now, let the three microscopes be read off first in the 
standard position of the circle, and secondly, after the circle 
has turned through the angle 0, and the centre of graduation 
has arrived at C: the difference of the readings at A will 
give the value of <j> } affected with an error, in consequence 
of the displacement of the centre of graduation; this error 
would be removed if, before taking the second reading, the 
circle were moved parallel to itself till C coincided with <7 . 

Let A be the point of the limb actually viewed at the second 
reading, A the point which would be at A\ and be there 
viewed if C coincided with C ) the second reading at A is 
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therefore too great by A' A. Now A n A' is equal and parallel 
to <7 <7, and the angle AA"A' equal to [A-0)] 

.\ error in seconds in the value of <f> assigned by first microscope 

• t a *\ 180 x 60 x 60 
-pnm[A-Q. ^ , 

R being the radius of the circle. 

Similarly, error in the value of <f> assigned by second microscope 

. /r> a N 180x60x60 
= p sin(2f — 0) . p . 

Now, as we do not know the true value of fa we cannot 
determine from observation the error at a single microscope; 
but by subtracting the value of <f> given by A from that given 
by By we shall obtain the difference of the two errors: let 
fa be the value given by A, fa + ft" the value given by B; 

o f • /i> n\ • t a 4\i 180x60x60 
,\ p = p{Bm(B— 0) — sin(-4- 0)}. ^ 



(B + A n \ . B-A 180x60x60 
. sin 



(B + A n \ 

= 2 P cos^— — 0] ^ — ~ . — ^ 

Similarly, if fa + 7" be the value of <f> given by the third 
microscope, 

(C+A A . C-A 180x60x60 
y .2pcos^- r --*J.«in- r -. ^ . 

Hence p and may be obtained; and if this operation be 
repeated for successive positions of the circle, the path of the 
centre of graduation may be laid down on paper with any 
required degree of accuracy. 
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Thubsday, Jan. 19, 1864. 9... 12. 



1. Two circles of radii r, r', touch a straight line at the 
same point on opposite sides : a circle, of which the radius is B 
and of which the straight line is a chord, touches both the former 
circles. Prove that the length of the chord is equal to 

AM 



W^f 



Let AB (fig. 38) be the straight line, E the point in which 
it is touched by the tw# circles, the centres of which are 0, O. 
Let be the centre of the third circle. Draw CH at right 
angles to AB. Join 00', 00, O'C. 

Let CH=a, HE = b, lOCH=0. 

From the geometry, 

(r + a) sin0 = b cos0 (1), 

also r + a= (B — r) cos0 (2). 

(2) 1 -(l) t gives 

(r + of cos"0 = {{B - r)* - i 9 } cos*0, 

and therefore V = IP - 2Br - a* - 2ar (3). 

Similarly, putting —a for a, and r' for r, 

0" = IP - 2£r' - a 1 + 2ar' (4). 

r 

From (3) and (4), a = £. !lHl. 

Arr 

Hence AS* = B?-a* = IP. ,-^s , 
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and therefore AB = , i i i . 

2. Prove that, n being any positive integer, and e the base 
of Napier's logarithms, 

Jn+1)^ 
1.2.3 ...w' 

Lemma. For any value of a?, except zero, between the limits 
— 1 and -h oo , 

x > log (1 -fas). 

Put y = x — log(l+a;): 

*li dy _ x 

dz l+o? # 

Hence, as x increases from —1 to 0, -j- is always negative, 
and therefore y keeps always decreasing. Again, as x increases 
from to co, -^ is always positive, and therefore y keeps 

always increasing. But y = when x = : hence the truth 
of the lemma. 

Since, when x is any positive quantity, 
a?>log(a;+l), 
it follows that e x > x + 1. 

Put x = - : then e > , 

e.n n > (n+l)\ 
Writing for w, successively, 1, 2, 3, ... w, we have 

e.1^2 1 , 
6.2* > 3*, 
c.3 8 > 4 8 , 
e.4 4 > 5 4 , 



6.(n-l)- 1 >n w - 1 , 

e.n*> (n + 1)*. 
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Multiplying these inequalities together and casting out factors 
common to both sides of the resulting equation, we have 

e\ 1.2.3 ... n > (n + 1)*, or e n > }"t • 



3. From a focus 8 of a conic section ARQPA (fig. 39), 
three radii vectores SRj SQ, &P, are drawn, the angles 
PSQ, QSRj being invariable. Prove that the tangent at P 
intersects the chord RQ produced in a point of which the 
locus is another conic section. 

Supposing e to be the eccentricity of the original conic 
section and e' of the conical locus, shew that, if L R8Q = 2a, 
and lQSP=0 y 

. 4 a 4 a 

,* sin* - cos* - 



e* . a a + £ + 9 a + /3' 



sin — - — cos 

2 2 

Let LASQ = X. Then the equation to the chord RQT is 
- as seca cos(0 — X + a) + e cos0, 
and that to the tangent PT is 



-=cos(0-X-£) +6COS0. 



At the intersection of the chord and tangent, subtracting and 
adding the equations 

f — icosdj .cos a = cos(0 — X-f a), 

— ecosd = cos(0 — X — £), 
we get 

f — e cos0] . sin - = sm — - — . sm ( 6 — X + — ^ — I , 
f — e cos0 j . cos 2 - = cos . cos (0 — X + j . 
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. 4 a 4 a 

, r sin*- cos - 1 

Hence ( - - e cos0 ] . \ A 4 a > = 1, 

lain 1 — -- 1 - cos" — t-— J 



c . 1 

- ass 6 COS0 ± -■———— 

r sin - cos - 1* 



I but 



2 2 



2 2 

a result which establishes the proposition. 



4. Tangents PjF, PP", are drawn from a point P to touch 
the ellipse « s 

at points P 1 , P". Supposing the harmonic mean between the 
absciss® of the points P 1 , P', to be equal to that between their 
ordinates, shew that the locus of P consists of four arcs of a 
curve of the third order. 

Trace the curve and shew that, when a = J, the curve 
degenerates into a straight line and an ellipse. 

Let A, ft, be the coordinates of P; x n y n of F ; x ti1 y tt , of P". 
The equation to PT" is 

hx ky_ 
<t + i* ~ 

At the intersections of this line with the ellipse, 

^(?+?)- 2 ^+« s ( 1 -?)=°- 

„ ,2* , F 

Hence a, + »„ == hi ^ , »,»„ = a . ^ ^ , 

a* + F ? + S 5 

and therefore — I — = -5 • T » • 

*• x » ° 1 _ * 
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9 * 9 a 



1 - 



Hence, by the condition of the problem, 

tf'V aV V'V W' 

or, replacing A, k, by a;, y, we have for the equation to the 
curve in which P always lies, 



£4.^ = ^4.^ 
a* + ft 4 J 1 a 4 



(1). 



The shape of the curve is LEBA'OABET, (fig. 40), IOT 
being an asymptote. 
The equation to IOT is 



b\i 



»-GJ 



X. 



tan' 



(a'+&*)* 
aft 



»* 



JB= — 



y=- 



ab 



(a*+b')* 
ab 



The curre' at is inclined to the axis of x at an angle 

'©• 

The locus of P consists of the four arcs 

IE, BA\ AB, E'T. 

At the intersections of the ellipse and curve 

' _ ab 

B (z=0 \ A/y=0 \ \ X ~~ 
B'\jf=±b)' A'\x=±a)> ■* 

If a — 5, then the equation (1) becomes 

[x - y) . (sf + xy + y» - a") = 0, 
which represents a straight line EE and an ellipse AaB'PA'a'B/3, 
(fig. 41), the semi-axes of which are 

0a = «V2= 0a', 
and 0/8 = oVf= #£'• 

The locus of P consists of the lines 

EF, E'F, Ba'A', B'aA. 



(f?+W) 
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5. The distances of the successive angular points of a plane 
polygon from a given point within its area are given. Sup- 
posing the polygonal area to be the greatest possible, prove 
that, C r _ x , (7 r , (7 r+1 , being any three consecutive angular points, 
no two of which are in a line with 0, the line G^G^ is per- 
pendicular to the distance 0C r . 

Let 0(7,, 00,, 00 8 , (fig. 42) be denoted respectively 

by <\,c 2 ,c 8 , , and the angles 0,0(7,, 2 00 8 , C s 0C 4 , 

by 6*j 2 2 , 8 2 ,* Then, u denoting the area of the polygon, 

2u = c x c % sin 6* + c 2 c z sin 0* + c^ sin 0* + . . . , 

and 27r=0 1 2 +0 a 8 + 3 8 +... 

Differentiating these equations and putting du = 0, we have, 
X being an arbitrary multiplier, 

^^, = ^0,008^,.^, 

** r = c r c r+1 cos0 r *.0 r . 
Hence, supposing neither 0^ nor r to be zero, 

c r _, cosff 1 ^ a c r+1 cos0 r 2 . 

This result establishes the proposition. 

Alitor. Let E (fig. 42) be the intersection of 9 with X C 9 
Then, the positions of all the radial lines except 0G 2 being 
assigned, the triangular area G X C 2 C % , and therefore the whole 
polygonal area, will be greatest, when the distance of C % from 
C X G % is greatest, which, since 00 2 is given, will evidently be 
the case when G 2 is at right angles to G t G^ unless G 2 lie in 
the lines OG^ 0C# or these lines produced. Like remarks are 
applicable to all the other radial lines : hence the truth of the 
proposition. 

6. A rectangular column is formed by placing a number 
of smooth cubical blocks one above another, the base of the 
column resting upon a horizontal plane. All the blocks above 
the lowest are then twisted in the same direction about an 
edge of the column, first the highest, then the two highest, 
and so on, in each case as far as is consistent with equilibrium. 
Prove that the sum of the sines of the inclinations of a diagonal 

G2 
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of the base of any block to the like diagonals of the bases of 
all the blocks above it is equal to the sum of the cosines. 

Take the two sides of the base of any block, which terminate 
in the edge, as axes of x and y : let this be the 91 th block from 
the top. Let ABCO (fig. 43) be the projection of the base of 
the highest block upon the plane of a?, y. Let LAOx — l 
Then, (ir, y) being the projection of the centre of gravity of 
this block, and 2a denoting the length of an edge of any block, 

x = a (cos X — sinflj. 

Similarly for the projections of the centres of gravity of all 
other blocks. Hence, X being the abscissa of the projection 
of the centre of gravity of all the blocks above the-w 01 , 

X 
(n — 1) — = cosflj + cosfl a + cosfl 8 + ... + cosfl^ 

— (sinflj + sinfl^sinfl,-!- ... H-sinfl^). 

But, under the conditions of the problem, the point (X, Y) must 
lie in Oy. Hence X— 0, and therefore 

sinflj + sin0 8 + sinfl 8 + ... -f sinfl^ 

= cos0 t + cos0 a + cos0 8 + ... + cosfl^. 

7. A uniform chain of length I hangs over two fixed points, 
which are in a horizontal line: from its middle point is sus- 
pended by one end another chain of equal thickness and of 
length l\ Supposing each of the two tangents of the former 
chain at its middle point to make an angle with the vertical, 
find the distance between the two fixed points. 

Shew that the value of can never exceed that given by 
the equation 

. ,0 l-V 

tan 2 = 7rr 

Complete the catenary of which BC (fig. 44) is a portion. 
Let t = the tension at B. BK is the suspended chain. 

Let CF=z, AO = c, OE=a, OF=/3, CC' = 2EF=Uj 
m = the mass of a unit of length of the chain. 



9-12.] PROBLEMS. 85 

( i A a «\ 

Then \l- z = \c\e'-e e -e e + e e ) (1), 

£ - a = $u (2). 

Also 2rcoa0 = mgr, 

t = mgBE, 
and therefore 2 cosfl . BE = f, 

or c cosfl. \^ + i i ) = V (3). 

Again, putting cotfl = -£ at B y 

cotfl = i(^-e" ; ) (4). 

Also « = ^cU e + 6 e ) (5). 

From (1) and (5), 

£Z - c.e* = - ^cl^ - e C J (6). 

From (4), 

/ * o\ 8 a a 

4 cosec'fl = \e 9 + e" * J , 2 cosecfl = e° + e"', 

2 

and therefore e 9 = cotfl + cosecfl = cot - .... (7). 

From (3) and (7), 

c cosfl (cot - + tan |) = l\ c = £Z' tanfl (8). 

From (2) and (7), 

b ^' -rra+^HS w- 

From (4) and (6), 

%l- ce' = - ccotd, 
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and therefore, by (8) and (9), 

i* -K. tan fl. cot J. /=• = -#', 



. e 

,1+1' 2 

u — V tan0 . log I — T , — . — ^, 

6 I I tan 

From (9) and (10), 

i.-fl+l' 



(io). 



7 = l0g lFtenlJ' 
and therefore, by (5) and (8), 

_ (/+r)» + rtan»e . 

4(1+0 { '' 

In order that m, given by (10), may have a positive value, 
we must have 

{l+V) tan ? > J'tanfl, 21' < 1+ I' - (l+l') tan 4 £ , 

. t e i-v 

tan — < -z — 7; . 
2 J +7' 

If tan'p j^-j , or tan'fl = ~, , 

then, from (10) and (11), 

u = and s = i(Z+Z'+J-0=H 
and therefore J5, (7, C, will coincide. 



values of x and y, the expression 

* ( ^ y* ) 

has only one value, prove that 
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Write, for the sake of brevity, a, ft, a, y, t?, r, instead of 
a a , ft", x* 9 y*, v 8 , r 8 , respectively, r 2 denoting the value of the 
expression. Then 

and therefore, by (1), 

ax bv , v 

r=v+x+y + +— ^t (2). 

* t? — a v - ft v ' 

Let v,, v„, be two of the roots of (1) : then, r possessing 
only one value, we have, putting t>,, t>„, successively in (2), 
subtracting, and dividing out by v it — v n 

- k_ a) K _ a) + (r _ i) k _ j) w- 

Now (1) has four roots: hence, 2 denoting summation in 
regard to all its roots, of which there are six pairs, we have, 
from (3), 

6 = ^ 4^-<4,-«) } 4 ^ 2 k-*)K-*) } - (4) - 

Putting v — a = w, (1) may be transformed into 

w*+ ... + {(a- ft) 2 — ax — by] v? ... - ax[a — ft) 2 = 0. 
Hence 

w 1 w 2 w 9 w 4 ^=—ax{a — by } *2{w x w})= [a — ft)* — ax — fty, 

and therefore 

= f 1 ] = S M \ = ax + by-(a-by 

\{v t - a) (v„ - a) J \w x wj ax (a- Vf 

From (4), attending to symmetry, 

ax + by = 4 (a — ft)*, 

or, restoring a*, 6*, ... for a, ft, ..., 

aV + ftY = 4(a*-ft*)*. 
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y 9. A great circle of a sphere intersects two given great 

circles, drawn .through a point 0, in points A, 2?, such that the 
product of tan 0-4, tan0i?, is invariable. If P be the inter- 
section of this circle with the consecutive one of the series of 
circles described according to the same law, prove that 

cot* OP oc sraP04 . sinPOR 

We will first find the polar equation to AB. Let lX0Y= ©, 
(fig. 45), 0A = a } 0B = /3> jlPOA = 0, lP0B=^ lBA0 = 1 
From the triangle A OP we have 

cotr . sin a = cot* . sin0 + cosa . cos 8. 

Since fi } a>, are simultaneous values of r, 0, we see that 
cot£.sina = cot V. sin o) + cos a. cos a>. 
Eliminating cott we get 
sina. (cotr .sin a> — cot/9 • sin0) = cosa . (sina> . cos0 - cos© . sin0), 
cotr . tana . sina> = tana . sinO . cotyS -h sin (© - 0), 

sina> _ sin© emtf> . . 

tenr "" tan/9 tana * '* 

the polar equation to -42?. 

Put m = tana, n = tan£: then, from (1), 

sino) sinO sin 6 ,_ N 

i— : = — + -zr ( 2 ) 5 

tanr n w 

and, by hypothesis, 

i? = mn (3). 

Differentiating (2) and (3) with regard to the parameters 
m and n, and using an indeterminate multiplier X, we have 

Xsin0 a Xsin0 „ Xsin^ 
n 8 7 w ' m ' 

and therefore 

c 6 = X 8 . sin0 . sin#, c 8 = X (sin0 sin^)*. 



__. /sin£\* /sin0\* 

Hence m = c^J , •t-c^J. 

Hence, from (2), ^ = - (sin0 . sin<£)*, 
and therefore cot 8 OP oc sinPOA . smPOB. 
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10. Investigate an equation for the form of the floats in 
the paddle-wheels of a steam vessel, in order Aat they may 
enter the water without splashing. 

If u = Ae>, where u = the velocity of the vessel, © = the 
angular velocity of the wheels, and h = the height of the 
centres of the wheels above the water, shew that the floats 
of each wheel must have the forms of arcs of involutes of 
a concentric circle touching the water level. 

Let (fig. 46) be the centre of one of the wheels, KS 
the line of its intersection with the water-level. 

Let the dark line at P, a point in KS, indicate one of the 
floats entering the water, the dotted line from this dark line 
to A' pointing out the curve of which the float is an arc. 
• Let OA' be the prime radius vector. Let 

r© = the velocity of the impact of the water, due to revolu- 
tion, perpendicular to OP, 

u = the velocity of the impact of the water, due to trans- 
lation, parallel to SK. 

Then 
rm — u cos* = the whole velocity of the impact of the water, 
perpendicular to OP, 

u sint = the whole velocity of the impact of the water 
along PO. 

Consequently, that there may be no splashing, we must have, 
<f> being the angle between OP and the curve at P, 

= (rco — u cost) • cos0 — u sin*. sin0, 



r» — u cost = u sun . tan^ = u sin* 
h (, *M rd0 

d0 = 



rdd 
~dF> 



ayrdr hdr 



u{f-K*)* r(r>-A 8 )*> 
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whence, supposing OA to be equal to A, which it will be if 
its position b» properly chosen, 

*-Jf (•-*)»—**£, 

the equation to the curve of which the float is an arc. 
If u = »A, then 

the equation to the involute of a circle described round such 
as to touch the water level. 



11. A hollow vertical polygonal prism, open at both ends, 
rests upon a horizontal plane. Every two contiguous faces 
are moveable about their common edge. Supposing the prism 
to be in equilibrium, when filled with fluid, prove that 

J^^J^^J^^ 

sinOj sina 9 sinOg ' 

*ii **> **»••• b*ing the angles of a transverse section A X A % A Z .„A % A X , 
and c x , c 8 , c 8 , ... denoting the lines A n A 9 , -4 x -4 8 > -4 2 A> ... 

Thence shew that there will be equilibrium when the points 
A 1} A^ A t1 ... lie all in the circumference of a circle. 

The actions of the faces A^A^ A X A^ (fig. 47), upon the 
face A n A x , must evidently be equal to each other and inclined 
at the same angle 6 to A n A t . 

For the equilibrium of A n A 1} putting A n A t = a, 

2P sin0 = the fluid pressure on A n A t 

= W (1). 

Similarly, for the equilibrium of A X A^ putting A X A % = J, 

2Psin(0 + a 1 )=/iJ (2). 

From (1) and (2), 

jHna 1 ,cos0 = ^(6--acosa 1 ) (3). 

From (1), 

sino^. sin0 = -~ a sina t (4). 
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(3) s + (4)" gives 






(a » 4 j*_ 2a JcosaJ=^, 




/t sin a, 


' 


2P~ c, * 


Hence, by symmetry, 




sinaj 


_ c . _ c . _ 
sin a, sin at, 


CoE c t _ AA <>* _ AA . 


sina 4 smAfA^i* sina 8 dn^l^^' 
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and therefore there will be equilibrium if 

that is if the circle, passing through A^A % A^ passes also through 
A n ; if that through A t A t A n passes also through .4^, and so on. 
Thus we see that there will be equilibrium when the polygon is 
in a circle. 

12. A filament of fluid oscillates in a thin cycloidal tube 
of uniform bore, the axis of the cycloid being vertical and 
its vertex downwards. Supposing the filament to be placed 
initially with its lower end at the lowest point of the tube, 
find the pressure at any point of the filament at any time. 

Shew that the pressure is a maximum, during the whole 
motion, at the middle point of the filament. 

Let P', P", (fig. 48), be the ends of the filament at any 
time, J=the whole length P'AP" of the filament, -4P=*, 
AP' = *', AP" = *", whence also s' + *" = I 

For the motion of the filament 

'Sf— »Ja-*— ^-o— £f-o— g(-o 
~f>'-i. 



dV 



+ £(,'-^ = 0, s '-4? = Jsm{(^)*.« + e}, 
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Initially, *' = Z, -j = 0. Hence $1 = A sine, = .4 cose, 
and therefore e = %ir } .4 = £?. Hence 

*' = \l {1 + cosnl}, where n — (£- J . 

The equation for the pressure p at any point is 

(0+») 75 + K --*»-£* 

w' denoting -^ and C a constant. 

Let n be the atmospheric pressure: then 

hence (*-*') -37 =5 r («'-») — (p- n ) 

(«-*')§' = K(«*-0-J(p-n), 
I(p-n)-(^-.).|^ + K(^+*)} 

= {^Z + ^Jcosn* — 5}. — . {a + £Z— \lcosnt) 

which gives the value of p at every point of the filament at 
any time. 

It is evident from the result that p is greatest when 

* = ££cosnl: 

but *' as \l {1 + cos nt] ; 

hence *' — 3 = JZ, 

or the point of greatest pressure coincides with the middle point 
of the filament. 
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This problem may also be solved as If the fluid filament 
were a string. Putting PP' = l lf P P" = ^ P = the reaction 
between the two parts of the string at P, we have 

and therefore I ^ - - #- (*'* - s" 1 ). 

or 8a 

As In the former solution, we have *' = £Z(l+cosnf), and 
therefore n 

-ln*l.cQsnt.(8 , -8)=P-f-(8'*-f): 

differentiating with regard to a, 

« „ dP a d*P a 

ds 4a 7 aV 4a 

Put -£- = 0: then 

2a 
* = — •n t «{.oosnls 4Zcosnt, *' — 8 = 4?. 

o 

Thus the middle point of P'P" is the one of maximum reaction. 



13. A ray experiences a series of reflections between two 
plane inclined mirrors. Prove that all the segments of the ray, 
produced indefinitely, are tangents to every* one of an infinite 
series of spheres. 

Lemma. If a ray incur reflection at a plane mirror, the 
incident and reflected rays are equally inclined to any straight 
line in the mirror. 

Let POj OQ (fig. 49), be the incident and reflected rays 
at a point of the mirror, EF the intersection of the plane 
POQ with the mirror. Through draw any line HOK in 
the plane of the mirror. Now PO, -ffO, are in precisely the 
same attitude on one side as QO, KO^ on the other. Hence 

LPOH=LQOK. Q.E.D. 
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Let A X B X , B X A 9 , A % B^ (fig. 50), be any three consecutive 
segments of the ray. Let be any point in the line of in- 
tersection of the mirrors. With as a centre describe a sphere 
to touch A X B X (produced if necessary) in the point G x . Join 
OB x . No*, by the lemma, B X A % and B X C X make equal angles 
with OB x : hence evidently B~A % must touch the sphere which 
A X B X touches, in some point D x . Again, joining 0A 2r and 
observing that lB % A % = lD x A % 0, we see that A % B % (produced 
if necessary) will touch in some point C % the same sphere which 
B X A % touches. So on indefinitely. Thus we see that all the 
segments are tangents to one sphere described about 0. But 
is any point in the line of intersection of the mirrors. Hence 
the number of such spheres is infinite. 

14. A narrow self-luminous rectangular lamina is placed 
with one end at the edge of a circular plate: the lamina is 
at right angles to the plate, and its plane passes through the 
centre of the plate : find the whole illumination on the plate. 

If the length of the lamina be equal to the diameter of the 
plate, its intrinsic brightness and breadth being given, prove 
that the illumination varies as the diameter of the plate. 

Let c = the length of the lamina, t = its breadth, a = the 
radius of the plate. Let u = the distance of any point P (fig. 51) 
in the plate from any point Q in the lamina, r = the distance 
of P from the point where the lamina touches the plate ; and 
QO*=z. Let the axis of x coincide with the diameter through 0, 
the axis of y being perpendicular to it in the plane of the 
plate. Let <t> be the inclination of u to the plate and xp to 
the axis of y, the inclination of r to the axis of a?, / the 
illumination on the plate. Then, d g d r d 9 I denoting the illumi- 
nation on the element rdOdr of the plate, derived from an 
element rdz of the lamina, and /a a constant quantity, 

d t d r d % I = rdOdr . -^ . sin0 . cosxp . rdz : 

but sin0 = - , u cosi/> = r sin0, 

r u 7 7 

« a = r> + z\ 
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Hence d a d r dj = firdzdrdd . 7-5 — -^ . 

(z +T) 

Integrating with regard to z from z = to z = c, 
d r dJ=\pTr>drd6 sinfl (I - ^i-i) , 
1 o drdd sin0 

Integrating with regard to r, from r =* to r » 2a cos0, 

d? e /= ^-/*tc* sin0<70. -tan" 1 - 
2^ c c 

= -/ATc.smOaff.tan ( J . 

No. f«ued» to- (H22?) 

the illumination of one half of the plate. 
^3ob. Let 2a = c: then the whole illumination is egual to 

= - fire (tt - log4) = - fire log (j-J , 
or the illumination varies as the diameter of the plate. 

15. Prove that an infinite number of plane centric sections 
of an hyperboloid of one sheet may be drawn, each possessing . 
the following property, viz. that the normals to the surface at 
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the curve of section all pass through two straight lines lying 
in the same plane with the two possible axes. 

Shew that these centric planes envelope the asymptotic cone, 
while the two straight lines envelope an ellipse. 

Let the hyperboloid be denoted by 

i+i-i- 1 (*»• 

Let the equation to a centric section be 

z = mx + ny (2). 

At the intersection of (1) and (2), 

(i,-?*)*- 2 -^ (*-?>=• (8) . 

If x\ y', be the point in which the plane of x } y, is inter- 
sected by a normal at x 1 y, z 1 

[x'-x).^={y'-y).- = c% 

whence x ^ a r T7' y = Wf 

Substituting these values of x and y in (3), we see that 
a* x n a*6* x'y' 

((? "" ,a) 7 , (?T?j'- ta, 7 , KW)(i , +0 

In order that this equation may denote two straight lines, 
we must have 

[<?-m*a\{<?-n*V)=m*nWb\ ^ = mV + nV...(5). 
From (4) and (5) we get 

a^<?^V^<?' ± ab w » 

the equation to two straight lines. 
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It is readily ascertained that the envelope of (2), under the 
condition (5), is denoted by the equation 

•■ x% v* a l 

"» = "5 + f? > t™ asymptotic cone, 
and the envelop of (6), under the same condition, by 

{JT^f + W+J? = *' m ellipse - 



16. Prove that the envelope of a sphere, of which any one 
of one series of circular sections of an ellipsoid is a diametral 
plane, is a spheroid touching a sphere, described on the mean 
axis of the ellipsoid as diameter, in a plane perpendicular to 
any one of the same series of circular sections. 

Let a, 0, 7, be the coordinates of the centre of any one of 
the series of circular sections; the radius of the section will 
be equal to the square root of 

Thus the equation to the corresponding sphere will be 

(a! _ a) . + y+ (a _ 7 )» = 6.(i-?;_£), 

or (a-xY + to—y + vfe + Q-r-f (1), 

a and y being, as we know, subject to the equation 

5 0P_^_3y-*)i»o (2). 

Differentiating (1) and (2) with relation to a and 7, and 
making use of an arbitrary multiplier X, we get 

- ( J a — c*)* sa a — x + -5 «i 
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and (a* — J a )*= 7 — z + -5 7. 

Multiplying these two equations by a, 7, adding, and attending 
to (2), we get 

= a(a-<r) +7(7-*) + *' (3I + j) > 

and, adding this last equation to (1), we see that 

aa + 75 = aj" + y* + «*-&* (3). 

Multiplying (3) by 2, and adding the result to (1), we have 

~ (a* + J 1 ) + ^ (&» + <?) « rf+y +- P_ jP (4). 

cs c 

From (2) and (3) we easily ascertain that 

and ? {*r(a* -&*)* + « (J 1 -<?)*} = (a* +/ + *»-&').(&* -c*)*, 
c 

and therefore (4) becomes 

= (^+^ + ^-6 8 ).{aa J (a 8 -6 5, )* + c«(6 5, -c t )*}^ 
and therefore the required envelop has for its equation 

the form of which establishes the truth of the proposition. 



The factor a? + jf + «* - V has been rejected, because, if 
rt + f + ** - V = 0, we get, from (1) and (3), 

a 1 - 2oub + V - 273 + b*( ^ + p\ = 0, ax + 73 = 0, 
and therefore 

a* + V 1 + &* (-8 + 5) — °i whence a = 0, 7 = 0, 
whereas a, 7, are by the hypothesis variable parameters. 
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17. The Sun's centre, in proceeding from Aries to the Sum- 
mer Solstice, passes, when at a distance from the Solstice, 
through the zenith of a certain place. Prove that, supposing 
the Earth's orbit circular and the plane of the equator in- 
variable in position, it will not again pass exactly through the 
zenith of this place in moving from the Solstice to Libra, unless 

tannd 

-- — f- = sec o>, 
tan^ ' 

n denoting the ratio of the Earth's angular velocity about its 
axis to its angular velocity about the Sun. 

Let P (fig. 52) be the pole of the equator, v , -£, Aries and 
Libra, E the summer solstice, Z and Z' the positions of the Sun 
when in the zenith of the place before and after the summer 
solstice. 

Join PZ, PE) PZ\ by arcs of great circles, and produce 
PE to cut the equator in /. 

Then ZE=<f> = Z'E, LZPE = n<p - 2nr = LZ'PE, where 
r is an integer. By the right-angled triangle ZPE or Z'PE, 
we see that 

- — — = cosecPB= secJEZ= secco. 
tan^ 



18. Determine u g , from the equation 

' , d* 

where A affects x only ; and, having given the expressions for 
w *,©> Zf~ w «,o5 8new now *° determine the values of the arbitrary 
functions which appear in the result. 

If u Xi0 = ax + 6, and -7- u x ^ = aV, shew from your formulae that 

fi being a constant quantity. 

H2 
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* 5P «W = A X«» * & (* + A )\< - A \" 

2<,A(l + AR„- h \ - d \ JO 
[<ft c(l+A) <ft + c(l + A)J 

t> x and t^ being arbitrary functions of a?. 

Then «*•«*. + ". ; Wi 

and therefore ^jVi 8 "^"*- ( 2 )* 

From (1) and (2) we get 

These formulae determine the arbitrary functions. 
Let ««, = oa? + i, -^ = aV*. Then 

* r— 1 ' 



. i car m 

2w„ = ax + o r • r , 

* r— 1 
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t A t A 

Hence 2e< 1+ V, = e< 1+ * (ax + b+ ^ .A 

, , at , oaV r t A , ** / A V* 
c r-1 \ c 1 + A 1.2.c , \l + A/ 

+ L2^?(lTA) + -} raB 

c r — 1 ( c r 1.2.<r \ r J 



,V« <(r-l) 



,,,«*, car 
c r— 1 

Similarly, putting — c for c, " 

o"5t^ ,x <* caV** 1 -^ 

2e 1+ ic., = aa + J .e * . 

* c r — 1 

Hence t^, = aa> + ft + g^l^ {<r (r ~ 1J - <f " l " } , 

/* being a constant. 

19. Determine the differential equation to a family of curves 
which possess the following property : if we take in one of the 
curves any three points P, P', P", so related that G\ G" } 
the centres of curvature at P', P", lie respectively in the or- 
dinates PM, P'M\ produced if necessary, the ratio of M'M" 
to MM' shall be invariable. 

Shew from your result that the Elastica, the equation to 
which is 

is sai individual of the family. 
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Let a?, y, be the coordinates of P (fig. 53), and let f[x) 
denote the length MM'. Then, the abscissa of P' being 
a?+/(a?), Jf'Jf" will be equal to /{«+/(*)}. 

Hence, by the condition of the problem, 

f{x +f(x)} = VX^)* where X is a constant. 

Let x +f[x) *= ^(a?), or f(x) = ^(a?) — x : then 

/{*+/(*)} -/WW! = *'(*) - *(«)■ 

Thus 

\f{x) - 4(a) = X^(a;) - Xx, tf(x) - (1 + X) +[x) + Xa; = 0. 

Assume ^(a?) = /8a; : then 

0»-(l+X)£+X = O: 

hence £ = 1 or fi = X, 

and therefore ip(x) = x or ^(a?) = Xa?, 

whence f{x) =0 or /(a?) = (X — 1) x. 

The former value of f(x) must evidently be rejected: the 
latter shews that 

MM' = (X-l)* = (X- 1) &-MM' ) = ^^a?', 
and therefore, by the differential calculus, 

X-l , rfy' 1 + d^" 

or, dropping accents, 

XI <&* e&d 1 da' da? 



1 * 



d*\*Jh?) dx l + da? 



— log(ouc) =log(^J -log(l + £)** ^g a constant, 

FI7 
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X 1 

x _ = n, «... 



Put r— r = n* a = - : then 

.— 1 7 c 



x n p , _ a^* , _ £*<&; 

92 

The constant ratio X — . If n = 2, the curve is the 

»— 1 7 

Elastica and the ratio = 2. 

Verification. & = — - -, S =* ^^ , 

and therefore, f denoting the abscissa of C, 



x- £ = -?- 



dx' cry n " 

Hence JflT-^, i^T-^, 

and therefore 

Jf'Jf" - JOT- ^^ , Jf'Jf" = -At • JOf '. 
n ' n- 1 



3Q. A small heavy insect, placed at an end of the hori- 
zontal diameter of a thin heavy motionless ring, which is move- 
able about its centre in a vertical plane, starts off to crawl 
round the ring so as to describe in space equal angles in 
equal times about its centre. Determine its velocity relatively 
to the ring in any position. 

Let P (fig. 54) be the insect at any time after starting, 
O the centre of the ring, Ox a horizontal line. 

Let a = the radius of the ring, m = its mass, /a = the mass 
of the insect, = the inclination of OP to 0a?, o> = the constant 

value of -v-. Let N } jT, denote the normal and tangeptial 

actions respectively between the ring and the insect. 
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Then, for the motion of the insect, 

fi^ =Ncqb0- 5Psin0, 

p-jjji=iNsm0+ Tco%0-iig- 
But x=*acos0, -5- = — aa> sin0, -3-5- = — aa>* cos0. 

tr = asin0, -T-— a« cosd, -^ = — a»* sine?. 

Hence — /iaa>* cose? = -Wcosfl — Tsin0, 

— jutto* sw0 = N sw0 + Tcoad — jig. 

From these two equations we see that 

T= jigr cos0, -#*= fi{g sin0 — a» 8 ). 

For the motion of the ring, 42 denoting its angular velocity, 

mcr -3- = — Ta = — /Aay cos0. 

Let a = the angular velocity of the insect relatively to 
the ring: then 

42 + a as <o, and therefore ma -5- =* i*g cos0. 

Let the time be dated from the instant of the insect's being 

in Ox: then 

da iia . ~ 

ma -37 = 1*0 cosart, maa = — sincot + G. 
at to 

Let a be the value of a when t is zero : then 

aa = — sinew* + aa\ 
may 

or the relative velocity of the insect at P = its relative velocity 

at A + ^- sine?. 
mw 

Suppose the ring to be initially at rest, the insect to be 
placed at -4, and then to start suddenly to move as stated in 
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the problem : then, 42, being the value of 42 just after the insect 
starts, * 

ma*£L { + fiasco = 0, m£L t + fiw = 0. 

Hence, attending to the equation 42 + a = a>, we have 

^ t ii rn + ti 
42 + a = a>, - aw + ma = ato, a = a>. 

Hence 

aa = *-£- . sin a»£ + a — a» = the relative velocity of the insect. 

mw w ' 

It may be observed that 

T= ug cosarf, N = /^(.jr sinal- aa>*). 



21. A series of perfectly rough semicylinders are fixed, 
side by side, upon their flat faces directly across a straight 
road of constant inclination. Determine the inclination of the 
road in order that a rough circular inelastic hoop, just started 
downwards from the summit of one of the cylindrical ridges, 
may travel directly along the road with a uniform mean 
velocity. 

Let a = the radius of the hoop, a x = that of one of the 
cylinders, m = the mass of the hoop, u = the velocity of the 
hoop's centre just before and u just after collision : let a>, »', 
denote the angular velocities of the hoop just before and just 
after. 

Then, see (fig. 55), 

mu' = mu cos2a + iZ, 

and ma*w' = ma*w — Ba } 

whence ti + aw' = u cos 2 a + aw. 

But aw = u, aw 1 = u : hence 

2w' = w(l + cos2a), 
tt' = ttcos 9 a. 
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But, by the condition of the problem, 

v* + aV = 2«* = 2g(a + a 1 ) (1 -cos0) = 4g[a + a t ) sin* - , 

u={2g (a + a l )} i sin-. 

AT 

Similarly, u' = {2g (a + a t )}* sin — , 

since «' is lost in ascending the next ridge. 
Hence sin — = sin - . cos* a. 

But = a + £, 0' = a-£. 

. 0L-/3 

sin— — 

Hence cos* a = , * , 

. a + P 1 
8in __ 

an equation which determines £, a being given by the equation 



sin a ' 



IL. 



a + a t 



22. A brittle rod AB, attached to smooth hinges at A 
and B, is attracted towards a centre of force C according to 
the law of nature. Supposing the absolute force to be in- 
definitely augmented, prove that the rod will eventually snap 
at a point 2?, the position of which is defined by the equation 

sin— ■£ 
cos LAEG = A , 

sin-g- 

where a, £, denote the angles BA C } ABO } respectively. 

Draw CM, ON y (fig. 56), bisecting the angles ACE, BOE. 
The force of G on AE is, by a known proposition, equal to 

— sin - , and acts along M C, c being the perpendicular distance 
c J* 

of C from AB. 
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Let k = the wrench impressed upon AE by BE to preserve 
the equilibrium of AE. Then, Y denoting the action at E 
perpendicular to AB, for the equilibrium of AE there is 

*=F.4jE?+^sin|.^Of.sin(a + |). 



Similarly, for the equilibrium of BE, 

2/a . 



Y.BE+^sm^.BN.Bin 
c 2 



•('+*)■ 



Hence *. AB= ^ |-4Jf. 5jE?. sin | . sin (| + ct) 

Now .^.sin(? + a^ = 4C.sin?, &nABE=BC. . ? m * . . 

\2 J 2' sin(tf> + £) 



sin*- .sin^ 



Hence AM.BE.mnl .sinf- + a) = AC.BC. i i 2 x K 
2 \2 J sin(0 + j8) 

sin 51 ]£.sin0 

Similarly, BN. AE. sin | .sin [% + fi) = AC.BC. i\ . , 
■" 2 \2 / sin(0 + a) 



, _ sm^.sinfl sin"-,sin0 



nence 2p.AC.BC- sin(d^a) + an(t + A # 

But + a-h0 + /3 = ?r: hence the left-hand member is equal to 

. 9 + . . <b 

„ . 9 . + "T- 9 « + /? 8m 2- 8m l 

0- <t> + 6 

COS 21 — cog ■ T 

a + £ 2 2 

2 sin(0 + a) 



*(S£^. 



^ , 2 

COS — - — i )h . T"— —^ 

sin(0 + a) ~ 
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This is a positive quantity, because 



■nf-^4 0J-sm— ^^sin-.cos 



2 > 



and fL±A±i<?T. 
2 2 



■(=**♦•)-' 



. a + B 
sin ( — ~- + 1 — sin — £~^ 



When * is a maximum, ■ jji . i is a 

7 sm (0 -f a) 

maximum. 

Hence /(») - sin(0+ o) .cob (?±£ + 0j 

— sin ^ + sin .cos(8 + tt) =0. 

f'(Q) =s — sin — ^ . sin(0 + a) = a negative quantity. 

Hence the point, where fracture will take place, is given 
by the equation 

sm — -— 



Bm "2 
a-0 



sm 
or cos lAEG = 



. a + fr 
sm — - J - 



23. A vessel, of given capacity, in the form of a surface 
of revolution with two circular ends, is just filled with inelastic 
fluid which revolves about the axis of the vessel, and is sup- 
posed to be free from the action of gravity: investigate the 
form of the vessel that the whole pressure which the fluid 
exerts upon it may be the least possible, the magnitudes of 
the circular ends being given. 
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~Shew that, for a certain relation between the radii of the 
circular ends, the generating curve of the surface of revolution 
is the common catenary. 

Let the axis of the vessel be taken as the axis of x (fig. 57). 
Then 

Pressure on curve surface = \2iryds. \pvfy* = irpu* ly 8 (1 H-^ 1 )* dx. 

Volume = it Wdx+ 

Hence F= y 8 (l +/)* - ay*. 

But V= Pp + C, C being a constant: hence 

/(i+i^-^-ji^+c; 
{i+7?-* p+a 

The values of y at the circular ends being given, there is 
8y==0, Sy (i = 0: thus the equation for the limits becomes 

(^-^J^-(^-^)^ = 0, or CBx t -CBx = 0: 

but Bx tJ Sx itJ are independent of each other: hence (7=0, and 
the equation for the generating curve becomes 

y = a(l+i>')», y-a-wgH, ^ = ^^...(1), 
= log {y + (y 8 — a*)*}, c being a constant : 

Cb 

g+c *+c 9-iy a 

y + (/-«*)*=«", y-(y-o")* = aV% -| = «ie*+mV'...(2), 

a and m being unknown constants. 

Let the origin be in one of the ends, of which the radius = b : 

then 2 - = m + m x (3). 

CL 

Also let V denote the capacity of the vessel : then, from (1), 
V denoting the radius of the other end, 
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= ^{i*'(6-«-^*-iJ(J*-a«)* + ia"log|^^}...(4). 

Thus (3) and (4) determine the constants a and m. The 
equation (2) defines the generating curve. 

Cor, If m as 1, the curve is the common catenary, the 
conditions being, from (3) and (4), 

a = j, it = ijr&{y(y»-y)» 4 y io g y + ( ^" y) *l . 

24. If a, £, 7, be the direction-cosines of one of the two 
lines of vibration of the plane front of a wave in a biaxal 
crystal, and a', #, 7', those of either of the two lines of vibration 
of a plane front intersecting the former plane front at right 
angles and passing through the line (a, £, 7), prove that 

aa fiff 77 

Let (a, £,7) be a line of vibration in the front 

Ix + my + nz =s (1). 

The equation to a plane front perpendicular to (1) and passing 
through (a, £, 7), is 

x (m n\ y (n l\ z (I m\ A .. 

Then, (a, /3, 7) being a line of vibration in (1), 

la + w/3 + ny = (3), 

and ^(y.^ + ^^.^+i^.^.o ....(4). 

Also, (a', /3', 7') being a line of vibration in (2), 

•;(HK(HK(HH <* 
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and 

From (3) and (4) we have 

I m n 

and therefore 75 , . 75- , 

are proportional to 

j«_c», <?_««, a'-J 8 . 

The equations (5) and (6) become therefore 

•and i r 1 - + v aii , + * r-^ = 0. 

eta 00 77 
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1. The complements of the parallelograms, which are about 
the diameter of any parallelogram, are equal to one another. 

If if be the common angular point of these parallelograms, 
and BB the other diameter, the difference of the parallelograms 
is equal to twice the triangle BEB. 

Since BK (fig. 58) bisects EG, and KB bisects HF, the two 
QBE, FEB are together equal to EBE 7 EEB ; to these equals 
add the unequals OF } EH] then the difference of the paral- 
lelograms GF, EH is equal to the difference of the figures 
CBEBj ABEB : but the latter difference is evidently equal 
to twice the triangle EBB; for CBEB exceeds GBB or ABB 
by the triangle EBB, and GBB or ABB exceeds ABED by 
the triangle EBB\ therefore the difference of the parallelo- 
grams GF, EH is equal to twice the triangle EBB. 

2. Divide a given straight line into two parts so that the 
rectangle contained by the whole line and one of the parts 
shall be equal to the square of the other part. 

Produce a given straight line to a point such that the rect- 
angle contained by the whole line thus produced and the part 
produced shall be equal to the square of the given straight 
line. 

In Euclid's figure, the rectangle contained by GF and FA 
is proved to be equal to the square on GA. 

If therefore GA be the given line, describe a square on 
CAj and proceed as in Euclid : F will be the point required. 
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3. The opposite angles of any quadrilateral figure inscribed 
in a circle are together equal to two right angles. 

If the opposite sides of the quadrilateral be produced to 
meet in P, Q, and about the triangles so formed without the 
quadrilateral circles be described meeting again in i2; P, i2, Q 
will be in one straight line. 

Let AB and DC meet in P, AD and BC in Q (fig, 59) ; 
then the circles described about the triangles PBC, QDC meet 
in G and R. Join PR, OR, QR. 

The angles GBP, GBP are together equal to GBP and 
GBA (Euc. i. 13 ; in. 22); therefore GRP is equal to GBA ; 
similarly CRQ is equal to CD A] therefore the two GRP 
and CRQ are together equal to the two GBA and CD A, that 
is to two right angles; therefore PRQ is a straight line. 

5. AH, EA\ are diameters of two circles touching each 
other externally at E\ a chord AB of the former circle, when 
produced, touches the latter at (7, while a chord A'B* of the 
latter touches the former at C. Prove that the rectangle con- 
tained by AB, A!B\ is four times as great as that contained 
by BG',B'C. 

Euc. bk. VI., prop. 2, 

ABi BC ::20EiE0', (fig. 60). 
Euc. bk. v., prop. 4, 

AB:2BC' ::20E:2EO'. 
Similarly, A'B' : 2J3' C : : 2 OE : 2E0. 

Hence, Euc. bk. v., prop. 11, 

AB-.2BC' ii2B'CiA'B\ 
Hence, Euc. bk. vi., prop. 16, 

rect.(AB, AB') = rect. (2BC, 2BC) 
= 4rect.(5C",£'C). 

6. Within the area of a given triangle is described a tri- 
angle, the sides of which are parallel to those of the given one. 
Prove that the sum of the angles subtended by the sides of the 
interior triangle at any point not in the plane of the triangles 

i 
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is less than the. sum of the angles subtended at the same point 
by the sides of the exterior triangle. 

Let ABC (fig. 61) be the exterior, and abc the interior tri- 
angle. Produce the sides of the interior triangle to intersect 
those of the exterior, in the points a', a"; #, £"; 7', 7" ; and 
join cy'. 

Let the angles subtended by any line in the plane of the 
triangles at the external point be denoted by the line itself. 

Then be L by + 07, 

bcLa"B + cP'+y'P\ 

bcla"B+Ca' +y'/r. 

Similarly caLP'C + A& + a'7' ', 

ab Ly"A + By' + #a". 

Adding together these inequalities, we have 
bc + ca + ab lBC + CA + AB. 

8. If NP be the ordinate of any point P of aa ellipse, Y 
and Z the points where the tangent at P meets the perpen- 
diculars from the foci, 

NY:NZ::PY:PZ. 

Circles may be described about NPY8, NPZH, (fig. 62). 
But l8PY=lEPZ\ 

hence L SNY = lENZ\ 

hence L YNP « lZNP\ 

and therefore, by Euclid, bk. VI., 3, 

NY: NZv.PYiPZ. 

11. Parallelograms, whose sides touch an hyperbola and 
its conjugate, and are parallel to conjugate diameters, have 
the same area. 

If CP, CD be conjugate semi-diameters, and through G a 
straight line be drawn parallel to either focal distance of P, 
the perpendicular let fall from D on this straight line will be 
equal to half the minor axis. 
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Let DM (fig. 63) be the perpendicular let fall from D on 
the line through G parallel to SP or HP] draw PF perpen- 
dicular to CD, and produce SP, CD to meet in E] then 
PE=AC. 

The triangles MDC, FPE are similar, for lDCM= PEF, 
*xADMC=PFE] 

.-. MD:CD::FP:PE] 

.% MD.PE = CD.FP, 

MD.AC = AC.BC, 

MD = BC. 
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10. Find the value of sin 18°. 

In Euclid's construction for determining an isosceles tri- 
angle, the angles at whose base are double of the angle at 
the vertex, shew that the common chord of the two circles 
is equal to the base of the triangle. 

Let E be the other point of intersection of the two circles, 

AE=AC 

are chords of segments containing equal angles ADC or BDC] 

.-. lACE=lBDG = lABC\ 

.-. CE=BC. 

11. Find A from the equation, tan 2 A =s 8 cosM —cot^l. 

Tan2^1 = 8 cosM - cot^4, 

8 cos*4 = tan 2^1 -f cot-4, 

_ cos(2A-A) m 
~~ cos 2 J. sin A J 

.-. cosJ. = .- (1) ; 

12 
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or 1 = 8 cos.4 sin .4 cos 2 .4 

= 4 sin 2.4 cos 2.4 = 2 sin4^i, 

gin4^ = i = sin30° (2), 

by(l), -4 = (2n+l)90°, 

by (2), U. = n,180° + (- 1)* 30°, 

4 = n.45°+(-ir7°30', 
n being any positive or negative integer or zero. 

If sin 3.4 = n bixlA be true for any values of A besides 
or a multiple of 90°, shew that n must be less than 3 and not 
less than — 1. Solve the equation when n = 2. 

If sin 3 J. = nsin<4, 

or 3 sin-4 — 4 sinM = n sin .4, 

be true for other values of A than or multiples of 90°, so is 

3 — 4 sinM = n, 

• i a 3 — n 
or sinM = — - — , 

in which case n is < 3, and 3 — n < 4, orn > - 1. 

If n = 2, 

sin^=0 (1), 

and sinM = £, 

or %mA = sin(±30°) (2); 

therefore by (1), A = r/il80°, 

by (2), A = wl80° ± 30°, 
m = 0, or any integer. 

If cosd cos0 = sin(a — /8) sin (a + £), 

and sin(0 — $) sin(d + 0) = 4 cos a cos/9 ; find cosd, and cos<£. 

By the second equation, 

cos 1 ^ — cos*0 = 4 cosa cos£, # 
by the first, cos^ cos0 = co&*/3 — cos*a ; 

.-. (008*0 + cos*0)* = 16 cos § a cos*£ + 4 (cos § £ - coa'a)*, 
= 4(cotf l £ + cos*a) , ; 
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.\ cosfy + cos"0 ss 2 (cos , £ + cos*a) ; 

.*. cos*0 = (cos/8 + cosa)*, 

cob*5 = (cos£ — cosa)*; 

.•. cos^ = ± (cos/9 + cosa), 

cos0 = ± (cob/3 — cosa). 

The radical must be taken with the same sign in each, the 
additional roots obtained by taking different signs having been 
introduced by squaring in die third step. 

12. In any triangle ABC, prove that 

AB* = BC* + CA % - 2BC.CA cosC. 

AD (fig. 64) is drawn to meet BC, or BC produced, in 2), 
so that AD is equal to AG; shew that if the sum of AB and 

AG is n times BC. their difference is -th of BD. 

7 n 

AB+ AC = n.BC, 
AB* -AC* = BC*~ 2BG.GA cosO, 
and CD = 2 GA cos (7, or 2 04 cos(180° - C) ; 

.\ {AB-AO) (AB+AC) = BG (BC*CD) ; 

.\ AB-AC=±BD. 
n 

13. Find the radius of the circle described about a tri- 
angle whose sides are given. 

Shew that the radius of the circle inscribed in an isosceles 
triangle can never be greater than one half of that of the cir- 
cumscribed circle. 

The radius of the circumscribing circle (B) 

abc 



~~ V{(« + J + c) (a + b-c) (a + c-b) (b + c-a)} 
The radius of the inscribed circle (r) 

_ x /( {a + b-c)(a + c-b) (b + c-a) ] 
~*Vt a + J + c r 
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r _, (a + ft — c) {a + c — b) (b + c — a) 
""" 2"*- oAc 

which can never be greater than £. 

^ Is equal to £ when a = c, or the triangle is equilateral. 

14. Two posts AB and CD (fig. 65) are placed at the edge 

of a river at a distance AC equal to AB, the height of CD 

being such that AB and CD subtend equal angles at E a point 

on the other bank exactly opposite to A ; shew that the square 

AB* 
of the breadth of the river is equal to pryt _ at** * an ^ ^ at 

AD and BC subtend equal angles at E. 

LBEA = LDEC=a, 

lBAE=lCAE=$0% 

and BA = AC] 

therefore BAE, CAE are equal in all resppcts. 

AB = AE two, 

CD = CE tan a, 

AB* = CE*- AW 

^C^-^cot'a; 

.\ AB k =(CIT-AB*)AE ; 

Also we have two solid angles at E } 
one contained by AEC, BEA, and JJJO, 
and the other by AEC, CED, and DEA; 
AEO is common to both, 
BE A = GEZ) in planes perpendicular to AEC; 
.-. lBEG = lDEA, 
or .42), 2?<7 subtend equal angles at E. 
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Otherwise: eaaBEC = 1-2 mn'QBEO) 



(BOV 
= 1-2. \ 2 \ 



AB* 

= 1 - ^», # since BO" = 2^ 



AE CE _AE a . rp m 

= coa AE&) 
.-. BEC = AED. 



Wednesday, Jan. 4. 9... 12. 

1. Two unequal forces act in parallel lines and in opposite 
directions upon a rigid body moveable about a fixed point in 
their plane ; shew that, if there be equilibrium, the moments of 
the forces with respect to the fixed point are equal. 

Three straight tobacco-pipes rest upon a table, with their 
bowls, mouth downwards, in the angles of an equilateral triangle, 
the tubes being supported in the air by crossing symmetrically, 
each under one and over the other, so as to form another equi- 
lateral triangle; shew that the mutual pressure of the tubes 
varies inversely as the side of the last triangle. 

Let ABC (fig. 66) be the positions of the bowls of the three 
pipes Aa y Bb^ Oc. 

The mutual actions on a, &, c, are the same. 
Let W = weight of each pipe, 

O the centre of gravity of the pipe Aa, 

B the mutual action. 
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Aa is kept at rest by the action of the table, the weight, 
and the couple whose moment is B.ab ; 
therefore, taking moments round -4, 

W.AG = B.ab; 

.-. JSoc \. 

* aJb 

2. If three forces acting upon a particle keep it at rest, shew 
that the forces are respectively in the ratio of the sines of the 
angles contained by the other two. 

A smooth circular ring is fixed in a horizontal position, and 
a small ring sliding upon it is in equilibrium when acted on 
by two strings in the direction of the chords PA, PB\ shew 
that, if PC be a diameter of the circle, the tensions of the 
strings are in the ratio of BC to AC. 

If A and B be fixed points, is the equilibrium stable? 

The ring is kept in equilibrium at P (fig. 67) by the re- 
actions in direction OP, and the tensions in direction PA, PB) 

,\ tension of PA : tension of PB :: uolBPC : siaAPC 

n BO i AC. 

If P be displaced to P*, the tensions of the strings remaining* 
the same, the effect of the tension of the string towards B is 
diminished in the ratio of cos PCB : cosPCB, and that of the 
tension to A is increased ; similarly, if P be displaced to P" j 
therefore the equilibrium is unstable. 

3. Define the centre of gravity of a system of heavy par- 
ticles, and shew that in every case there exists one and only 
one such point. 

From this fact deduce the property that the lines joining 
the middle points of opposite sides of any quadrilateral bisect 
each other. 

Let equal masses be placed in the angular points of the 
quadrilateral ABCD. 
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The centre of gravity of these four masses is that of the 
masses of A } P, collected at a the middle point of AB, and 
that of (7, -D, collected at c the middle point of CD, and is 
therefore in the middle point of ac. 

Similarly, it is at the middle point of bd bisecting BC and 
DA. 

Therefore, since a system has only one centre of gravity, 
ac and bd bisect each other. 



4. Find the ratio of P to W in the single moveable pulley, 
when the strings are not parallel. 

If a weight W be supported by a weight P hanging over 
a fixed pulley, the strings being parallel, shew that, in what- 
ever position they hang, the position of their centre of gravity 
is the same. 

If W be depressed through a space a, P is raised through 
a space 2a, and the centre of gravity is moved through a space 

— ~ Wm P — » an ^ zince W = 2P, the centre of gravity is sta- 
tionary. 

5. Describe the construction and graduation of the common 
steelyard. 

Shew that, if a steelyard be constructed with a given rod, 
whose weight is inconsiderable compared with that of the 
sliding weight, the sensibility varies inversely as the sum of 
the sliding weight and the greatest weight which can be 
weighed. 

Let P at M (fig. 68) balance the weight TT, 

Pattf. W; 

therefore P. CM = W. A C y 

P.CN= W'.AO; 

therefore P.MN={ W- W) A C. 
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Now the sensibility of the instrument varies aft the distance 
through which P most more in order to detect a given dif* 

ference of weight; therefore the sensibility oc MNcc -p-; 

and if Q = the greatest weight which can be weighed, 

Q.AC=P.BC', 
therefore (Q + P)AC~ P.AB; 

therefore the sensibility oc Q p > since -4-B is given. 

8. What is meant by a unit, and what is usually taken as 
the unit of accelerating force? 

If the force of gravity be taken as the unit of force, and 
a rate of ten miles an hour as the unit of velocity, what must 
be the units of time and space? 

Suppose a feet to be the unit of space, 

and b seconds time; 

a and b are numbers whose values it is now our object to 
ascertain. 

A velocity of 10 miles an hour is the same as a velocity of 

10 x 1760 x 3 



60x60 



feet per 1", 



10 x 1760 xS ,- A ,„ 
or — — — -Z7: — b feet per b • 

60 x 60 r 

But a velocity of 10 miles an hour is the unit of velocity, and 
is therefore a velocity of a feet per b"\ 

A , . 10 x 1760 x 3 , 

therefore a = ____J 

= y & «• 

Again, the force of gravity 

generates in 1" a velocity of 32.2 feet per 1" 

therefore it 1" 32.2J b" 

therefore it b" 32.2J* b" 

but the force of gravity is the unit of force ; 
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therefore it generates in b" the unit of velocity, 

that is, a velocity of a feet per i"; 

therefore a = 32.2** (2). 

From (1) and (2) the values of a and Jmay be found ; 

44 (44)' 

9 x 32.2 ' a ~~ 9* x 32.2 ; 

the unit of space is therefore , ' feet, and the unit of 

11. Two balls of given masses gnd given elasticity are 
moving with given velocities in the same direction ; determine 
their motion after impact. 

Two balls are moving in the same straight line, one of 
them only being acted on by a force ; if the force be constant 
and tend towards the other ball, shew that the times which 
elapse between consecutive impacts decrease in geometrical 
progression. 

Let m,m be the masses of the balls, 
f the force acting on the former, 
v nr-n v '*-i ^ e ^ velocities after the (ti— l) tt impact, 

u *j v '«-i before the «** impact, 

v n1 v' n after the n tt impact, 

jR H , eJB w the impulsive forces of compression and resti- 
tution at the /1 th impact, 

t^ x the time between the (n — l) th and the n* im- 

pact. 

Since the spaces described by the two balls between the 
(»— 1)** and w tt impacts are equal, 

.^-, = 2--^* (1). 
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Similarly, t n - r *" *' 



• it _ » n fOi 

"u"«^; () * 

Also the force / acting for the time t^ x changes the velocity 
of m from v^_ t to u n ; 
therefore u n = Vi + A-i 

■^ + »(^-U Vr(i); 

therefore w w - t/^ = t/^ - t^ (8). 

Again, since the two balls have the same velocity at the 
instant of greatest compression, 

therefore t/ w — v n = e (u , — t/^) 

-•K M -0» b 7( 3 ); 

therefore (2) becomes -*- = e. 

Hence the times decrease in geometrical progression. 

12. Prove that the time of falling in a straight line from 
the highest point of a vertical circle to any point in the cir- 
cumference is less than to any point outside ; and give a geo- 
metrical construction for the straight line of quickest descent 
to the circumference of a vertical circle from a given point 
within it. 

Shew that the circumference of two circles contains all points 
from which the time of quickest descent to a given vertical 
circle is the same. 

Let R be the radius of the given circle, and construct any 
number of equal circles touching the given circle, and let r 
be the radius of one of them ; then the time of quickest descent 
to the given circle from the highest point of any of these circles 
is the same: and it may be shewn that those circles which 
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touch the given circle externally have their highest points in 
the circumference of a circle whose radius is B + r, and whose 
centre is a point Q at a distance r vertically above the centre 
of the given circle; and that those circles which touch the 
given circle internally have their highest points in the circum- 
ference of another circle whose centre is Q and radius R ~ r : 
hence the circumference of these two circles contain, &c. 
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4. A rod of length a and density p, is moveable freely 
about one end, which is fixed at a depth c below the surface 
of a fluid of density a : prove that the rod may remain at rest, 
when inclined to the vertical, provided that 

- > 1 and < -s . 
P c 

Shew that such a position is one of stable equilibrium. 

It is evident that the rod cannot rest obliquely when entirely 
immersed within the fluid. 

For equilibrium, supposing the rod partially out of the water, 
O being its lower and A its higher end, and P its intersection 
with the surface of the water, (fig. 69), 

O - (p.a.% - -^ . ^- a ) . sin0 = (1), 

V 2 cos0 2 cos0y v " 

where denotes the inclination of OP to the vertical line OC. 
Hence, for oblique equilibrium, 

cos 8 = — * * (2). 

p.a ' 

But, from the geometry, 

cos*0 =/v55> -«: 
OJr a 

hence, from (2), a > p. 
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Also, itj? > p.a*, in order that in (2) may be possible. 
Thus there will be oblique equilibrium, defined by (2), under 
the conditions <r> p, cr.c* < p.o*. 

Putting fi for the value of 6 given by (2), we have, by (1), 

Hence, the oblique equilibrium is stable. 

8. A pencil of rays diverging from a point at a given dis- 
tance from the centre, is incident directly on a concave spherical 
refracting surface, determine the distance of the geometrical 
focus of the refracted pencil from the centre. 

An eye is placed close to the surface of a sphere of glass 
(14 = 1), which is silvered at the back; shew that the image 
which the eye sees of itself is £ of the natural size. 

Let ACB (fig. 70) be the diameter of the eye placed close 
to the surface of the sphere, so that rays proceeding from it 
are unaffected by refraction at entering the sphere, and after 
reflection at the back form the image acb. Let COM be the 
diameter of the sphere, O the centre. Then 

OC + Oc~~ OC J 

n 0G 

or 0c = - — , 

the negative sign signifying on which side of c lies. 

Let the image of acb, formed by refraction out of the 
sphere, be dc'b\ which is the image which the eye sees. Then 

i-i 



or 



1 


1 


p.Oc 


oe 


2 


i 


30c 


~ Oc' 


2 


1 


OC 


SOG 



0c' = 



30C" 
1 

Oc" 
300 



J 
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Now the ratio of Oc' : OG is the ratio of a'c'V to A OB, 
therefore the ratio of the image to the natural size of the 
> eye is 3 : $> 

9. A rod) inclined at any angle to a plate of glass, is seen 
by an eye on the opposite side of the plate; shew that the 
length of the image of the rod, formed by geometrical foci, is 
equal to the length of the rod. Is the image, formed by re- 
fraction at the first surface, of the same magnitude as either? 

Let PQ (fig. 71) be the rod, FQ its image after refraetion 
at the first surface AB of the plate, and F'Q' after refraction 
at the second surface CD. Draw QB, <?'#, Q'B\ at right- 
angles to BF. 

Then QA = p.AQ, 

\ FB^ikFB, 

and therefore FB = p.PB : 

hence FB' > PjB, 

and therefore F Q > PQ. 

\ Again, 



DP" 


-i DP' 




fm. 






CQ' 


-;+<M4 


F'E' 
F'Q' 


= PR, 
= PQ, 



similarly, 

hence 

and therefore 

10. Find the deviation of a ray of light refracted through 
a prism in a plane perpendicular to the edge. 

If rays in this plane are incident at one point of the prism 
in all directions, shew that, if the refracting angle be greater 

than sin" 1 — , rays incident from that side of the normal which 

is towards the edge of the prism will not pass through, and 
examine what rays will pass through. 
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If the refracting angle of a prism be > sin" 1 - , and rays 

be incident at a point of one face of the prism in all direc- 
tions, lying in a plane perpendicular to the edge of the prism, 
shew that no ray will pass through which is incident from 
the side of the normal towards the edge, and examine what 
rays will pass through. 

Let the plane of the paper be the plane of incident rays, 
A (fig. 72) the point of incidence, V the trace of the edge, 
QAB the course of a ray incident at A and refracted to i2, 
NAn normal at A y 

lVRA = ^-lRAu-lV, 

therefore the angle of incidence at A > L V y a fortiori, > sin" 1 - , 
or the ray cannot emerge at B. 

If QAE be a ray incident from the side of the normal 
which is from the edge, 

LVEA^+LRAn-V; 
and if the ray be capable of emergence, 

L VRA < £ - sin" 1 i ; 
2 fi 

therefore - — sin" 1 - }► - + It An — F, 

or 



LRAN^V-tm 1 -, 
A* 

sin QAN *t /i sin ( V— sin" 1 -J , 

or all rays on that side of the normal, incident at an angle 
not less than sin" 1 -! p sinf F— sin" 1 -)!• , will pass through. 



9-12.] RIDERS. 129 

12. A short-sighted person moves his eye-glass gradually 
from his eye towards a small object: shew that the linear 
magnitude of the image will keep increasing during the motion, 
and that the angle subtended by the image at the eye will be 
least when the eye-glass has advanced half way towards the 
object. 

Let PQ (fig. 73) be the object, which we may suppose to 
be at right angles to the axis EAP of the eye-glass, A the 
centre of the eye-glass, and E the place of the eye. 

Let pq be the image of PQ] join QE, qE. Let -4P=w, 
AE=d, lPEQ = a, LpEq = 0, Ap = v. 

Then, as is proved in elementary treatises on Optics, 

tan0 _ u + d 

tana , du* 

u + d + -z 

Now u + d is constant: hence tan0 is least when du is 
greatest, that is, when u = d. 

Hence pq increases as u diminishes. 



Thursday, Jan. 5. 9... 12. 

1. Explain what is meant by the limit of a varying quan- 
tity or ratio, and enunciate and prove Newton's first Lemma. 

Two triangles CAB, CAB' have a common angle -4, and 
the sum of their sides about that angle the same in each; if 
CB, C'B' intersect in D, and B' move up to J?, then in the 
limit DC:DB::AB:AC. 

From (fig. 74) C draw CE parallel to AB meeting B'C in E. 
Because AB + AC = AB' + AC, 
BB' = CC; 

K 
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by similar triangles, DCE y BBB\ 

DC:DB::CE:BB'; 
and by similar triangles AB'C, GEG, 

AG' : GO' :: AB' : CE, 
or alt AC' : AB' :: CC' : CE 

::BB':CE; 
but DG:BB::CE:BB'] 

therefore comp. AC' : AB' :: DC : D£; 
therefore in the limit AC:AB::DG:DB* 

2. Define the circle of curvature at any point of a curve. 
If PQ be an arc, and QB a subtense, the chord of the circle 
of curvature at P parallel to QB is equal to the limit of the 
third proportional to QB and PQ. Find the chord of curvature 
through the focus of an ellipse. 

EFis a chord of a given circle and 8 its middle point j con- 
struct the ellipse of which E is one point, 8 one focus, and 
the given circle the circle of curvature at E. 

QJjl TJ"P 

The chord of curvature (fig. 75) through the focus = 2 — -^ — , 

if H be the second focus and A C the semi-major axis. 

But in this case the chord is equal to 2SE. Hence HE= A C, 
and E is the extremity of the minor axis of the ellipse. 

Draw through E the chord EG making the same angle with 
the tangent at E that EF does. The middle point of this chord 
will be the second focus iZ, and the ellipse is constructed. 

3. Shew that, in an orbit described under the action of a 
force tending to a fixed point, the velocity at any point is in- 
versely proportional to the perpendicular from the centre of 
force on the tangent at that point. 

A body is describing a parabola under the action of a force 
which always tends to the focus, and a straight line is drawn 
from the focus perpendicular to the tangent, and proportional 
to the velocity, at any point ; shew that the extremity of this 
straight line will lie in a certain circle. 
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Draw SY (fig. 76) perpendicular from the focus S on the 
tangent at P. Produce it to (), so that SQ bears a certain 
ratio to the velocity at P, and in the axis take a point 5, such 
that SB bears the same ratio to the velocity at the vertex A ; 
and join BQ. 

Then SQ oc velocity at Poc ^, 

or SY. SQ = & constant quantity = SA . SB } 

or SY: SA :: SB: SQ. 

And the triangles ASY, QSB, having a common angle Q 
at S, and their sides about that angle proportional are similar. 
Hence the angle BQS= the angle SiF=a right angle, and 
Q will always lie on the circle whose diameter is SB. 

4. Given the velocities and the directions of motion at any 
three points of an orbit described under the action of a central 
force : find the centre of force. 

If the velocities at the three points be respectively parallel 
and proportional to the opposite sides of the triangle of which 
they are the angular points, the centre of force is the centre of 
gravity of the triangle. 

Let P, Q 1 B (fig. 77) be three points of a central orbit, at 
each of which the velocity is parallel and proportional to the 
opposite side of the triangle PQR: produce the tangents at 
P, Q, i2.so as to form a new triangle PQR\ having its sides 
parallel and proportional to those of PQR. 

Join PP: because the perpendiculars from the centre of 
force on FQ, PR' are inversely proportional to the velo- 
cities at i?, Q, they are inversely proportional to the sides P Q\ 
FIS) therefore the triangles, whose common vertex is the centre 
of force, and whose bases are the sides FQ, PR\ will be 
equal, and therefore the centre of force will lie in the line 
PP: so also it will lie in the line QQ\ and will be the centre 
of gravity of the triangle PQR, for the lines PP, QQ bisect 
respectively the sides QR, RP. 

K 2 
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5. An ellipse is described under the action of a force tending 
to the focus ; find the law of force and the velocity at any point. 

If, without changing the velocity, the direction of motion of 
the body receive a very slight alteration, shew that the position 
of the major axis will be altered, unless the body be at one 
extremity of the latus-rectum through the focus to which the 
force does not tend. 

Let 8 (fig. 78) be the centre of force, PY the tangent, H 
the second focus : let the direction of motion be altered through 
the indefinitely small angle YPY\ and let H' be the position 
of the second focus of the new orbit. 

Then, since the focal distances make equal angles with the 
tangent 

LHPH = twice LYPY\ 

and because the velocity is unaltered, the major axis is unaltered 
in length. 

8P + HP=SP+H*P, 

or J2P=ITP, 

and the position of the major axis will be altered, unless 
Sj Hj IT be in one straight line. Let them be in one straight 
line, then Pff, PH' make equal angles with this line ; that is? 
since HPIT is indefinitely small, Pff, PH 1 are each at right 
angles to #ff, or the particle is at the extremity of the latus- 
rectum through H. 

6. Enumerate the principal steps which led Newton to con- 
clude that the Moon is retained in her orbit by the force of 
gravity. 

Assuming that the Moon is retained in her orbit by the 
Earth's attraction alone, and that, approximately, her orbit is 
circular, her period about the Earth 27 days, the accelerating 
effect of gravity at the Earth's surface 32 feet per second, and 
the Earth's radius 4000 miles, find the distance of the Moon 
from the Earth's centre. 

Let 4000r be the distance of the Moon from the Earth's 
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centre in miles, / the accelerating effect on the Moon by reason 
of the Earth's attraction, in feet per second, then 

/: 32:: 1 : r*, 

j. 32 

but the periodic time of the Moon is 27 x 24 x 60 x 60 seconds, 

, x , r . x , . x . 2?r.4000r x 1760 x 3 . „ . 
and therefore its velocity is — — - — — — — — ^r— m teet per 
J 27 x 24 x 60 x 60 r 

second: hence the accelerating force on it tending to its 

centre is 

7-- — J 2?r L »** • 4000r x 1760 x 3. 
(27 x 24 x 60 x 60)* 

If the Moon be under the influence of the Earth's attraction 
only, this must be equal to/, 

or S = /o» o! 2?r il *h\* • 4000r x 176 ° x 3 > 

r* (27x24x60x60)* 7 

8 32 x (27x24x60x60)* 
° r r *" 4tt*.4000x 1760x3 

8x3 e .2 6 .3 a .2 4 .3 4 .(10) 4 
7^.2 6 .11 x3xl0 4 

2\3 U 2 6 .3 W 



it 



,11 t^ x 16-5 ' 



■ 324 
or r =s = 60 very nearly. 

(tt 8 x 16-5) 4 



11. Explain the aberration of light, and shew in what direc- 
tion the error of aberration takes place. 

What limit is there to the position of a place in order that 
at some time in the day a star in the ecliptic may have its 
error of aberration in a vertical plane? 

The aberration of a star always taking place towards a point 
in the ecliptic 90° behind the sun, if a star be in the ecliptic, 
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its aberration will take place in the ecliptic: the question is 
therefore equivalent to this, At what places is the ecliptic ever 
vertical? The answer is, At every place whose zenith is not 
more than 23° 28' from the celestial equator, that is, at every 
place within the tropics. 



Monday, Jan. 16. 9... 12. 

1. A system of rigid bodies is under the action of no forces 
but their weights, mutual reactions, tensions of inextensible 
strings, and pressures on smooth fixed surfaces; prove that if 
the height of the centre of gravity above a fixed horizontal 
plane be a maximum or a minimum, the system will be in 
equilibrium. 

Apply this principle to determine the position of equilibrium 
of two equal uniform rods, connected by a smooth hinge at one 
extremity and resting symmetrically on two smooth pegs in 
the same horizontal line. 

Let A, B (fig. 79) be the pegs, C the middle point of AB, 
P the hinge connecting the rods, which will be in the vertical 
line through (7; Q the centre of gravity of the two rods, which 
will be the middle point of the straight line joining the middle 
points of the rods, and will therefore also be in the vertical line 
passing through C. 

The depth of Q below C = PQ - CP 

*= a cos0 — b cot0, 

if the length of each rod be 2a, AB = 2 J, angle at P = 20. 
For this depth to be a maximum, 

= — a sin0 + -^- 5 ^, 
sin a ' 
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or sin 8 = - . 

a 7 

which determines the position of equilibrium. 

It is manifest that b is always < a, and therefore the position 
is possible. 

2. Determine the necessary and sufficient conditions that 
a system of forces acting on a rigid body may have a single 
resultant. 

A portion of a curve surface of continuous curvature is cut 
off by a plane, and at a point in each element of that portion, 
a force proportional to the element is applied in the direction 
of the normal; shew that, if all the forces act inwards or all 
outwards, they will in the limit have a single resultant. 

Let AS represent an element of the surface, whose coordi- 
nates are x % y, « ; the bounding plane being taken as that of 
&y, I, m, n the direction-cosines of the normal. Then, if PA 8 
be the force applied in the direction of the normal, the re- 
solved parts of this force are PI AS, PmAS, PnAS parallel to 
the axes of &, y, z } and the moments of this force about the 
axes of a?, y, z are respectively PA 8 (ny — mz), PA 8 [hs — nx), 
PA 8 (mx — ly). But if A x , A 9 , A % , represent the projections of 
the surface on the coordinate planes of ys, zx } xy respectively, 
we shall have 

lA8=AA x , 

mAS=AA y1 

nAZ=AA M ; 

or if 2 (Jf), 2(F), 2 (Z) represent the sums of all the resolved 
forces, and L, M, i^the sums of all the moments, 

2(X)=P2(A4,)=P.4, = 0, 

2(F)=P2(A^) =P;i y = 0, 
2(Z) = P2(A^l y ) = RA U = PA, 

A being the area of the curve bounding the section by the 
plane of xy, and x, y the coordinates of its centre of gravity. 
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Also L = Pl(yAA u - zAA y ) = P.A.y, 

M= P2(z&A x -xAA,) = - P. A. z, 
N = P2[x*A w - yAAx) = ; 
.\ £2JT+lf.2r+JV.2Z=0. 



3. A particle under the action of any forces rests on a 
surface whose equation is given; determine the conditions of 
equilibrium, (1) when the surface is smooth, (2) when it is rough. 

Find the least coefficient of friction between a given elliptic 
cylinder and a particle, in order that, for all positions of the 
cylinder in which the axis is horizontal, the particle may be 
capable of resting at any point vertically over the axis. 

Let APA (fig. 80) be a section of the cylinder made by 
a plane perpendicular to the axis, and passing through the 
particle, C the centre, CA the semi-axis-major of the elliptic 
section, P the particle vertically above 0, L PC A = 0, 2a, 2 J 
the axes of the elliptic section. 

Then, in order that the particle may be capable of resting 
for all values of 0, the greatest angle which the tangent at P 
can make with the horizon must be not greater than tan -1 /a, 
fi being the coefficient of friction. Let the tangent at P be 
produced to meet CA produced in T: then CPT must not be 

IT 

greater than — + tan" 1 /*, 

and tan OPT = - tan(0 + CTP) 

tan0 + tanCTP 



1 - tan 0. tan CTP ' 



Now, if <f> be the eccentric angle of P, 

tan© = - „ tan6, 
a T1 

and tauC!TP=-.cot<f>: 

a 
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b 



therefore tan CPT = - - 



(tan^ + cot<£) 



^ 



2ab 



a*-b* 9 sm2<l>' 
therefore the angle which PT makes with the horizon 

2 2ab ' 



therefore the greatest angle which PT makes with the horizon 
?-b 
2ab 



is tan" 1 , , and this must not be greater than tan" 1 /*: 



hence a must not be less than _ , . 

n 2ab 



4. A heavy elastic string is suspended from one extremity, 
and stretched by its own weight; determine its length when 
it is at rest. 

If a heavy elastic string rest upon the convex side of a 
smooth curve in a vertical plane, shew how to determine the 
tension at any point. 

Let a heavy elastic string (fig. 81) rest in a vertical plane 
on the smooth curve APQ, beginning at A. Take Ox, Oy 
horizontal and vertical axes, and let x, y be the coordinates of 
a point P, Q a contiguous point, AP = *, PQ = & ; then the 
coordinates of Q will be 

dx ^ 

x + &-* s * » 



. *+!•*+ i 

and if t be the tension at P, * + -r- .&+ will be the 

tension at Q. 

Let the natural length of AP be *', of AQ, s' + &', e the 
coefficient of elasticity. 



138 SENATE-HOUSE PROBLEMS AND RIDERS. [Jan. 16, 

Then & = &'(l+e*'), 

where i is intermediate to the tensions at P and Q, provided PQ 
be taken sufficiently small ; 

therefore, taking the limit, -p = 1 + et 

Also resolving the forces which act on PQ along the tangent 
at P, p being the mass of a unit of length of the string in 
its natural state, we have ultimately 

<ft_ dy <&' 

A" Wds'ds' 

an equation from which t may be determined. 

5. If a particle be moving in any path, straight or curved, 
and, at the time £, 8 be its distance measured along its path 

d*s . 
from a fixed point ; shew that -^ is a measure of the accele- 
rating force in the direction of motion. 

If the position of a particle moving in a plane be deter- 
mined by the coordinates p and 0, p being measured from 
a fixed circle along a tangent which has revolved through an 
angle f from a fixed tangent, investigate the following ex- 
pressions for the components of the accelerating force along 
and perpendicular to p respectively, (the latter being considered 
positive when it tends to increase <f>): 

d*p fd<f>\ 2 , d*<f> Id/ ,<fy\ (d4>\* 

w- p [dt)+ a w> prfA p w; +a liJ- 

After proving the first part of the question we may state 
at once, that if x and y be rectangular coordinates of a particle, 
the accelerating forces parallel to the axes of x and y are 

~ and -J[ respectively. 
air utr 

Let the centre of the fixed circle be the origin, and a line 

parallel to the fixed tangent be the axis of x : then 

x = a sin^ + p cos^, y = — a cos^ + p sin^ j 
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therefore § = (a ^ + §) cos* - p §.sin#, 

3f-{-3 + 3-'(3)1- 

Similarly, 
therefore force along p = -™- cos^ 4- -i4 sin^ 

- a W + -d7- p {di)> 

d*y d*x 

force perpendicular to p = -^ cos^ — -^- sin^ 

/<fy\* 1 d ( t dd>\ 

= a KM) + - p WTt)- 

6. State the laws which regulate the magnitude and the 
direction of statical and of sliding friction. 

Two equal bodies lie on a rough horizontal table, and are 
connected by a string which passes through a fine ring on the 
table; if the string be stretched, find the greatest velocity 
with which one of the bodies can be projected in a direction 
perpendicular to its portion of the string without moving the 
other body. 

Dynamical friction acts in the direction in which the body 
is moving ; statical friction acts in the direction in which the 
body tends to move, that is, the direction in which the body 
would begin to move if there were no friction. 
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Suppose that when the one body is projected the other 
remains at rest; friction will act on the former in the direc- 
tion perpendicular to the string, on the latter in the direction 
of the string. 

Let m be the mass of each body, 
fi the coefficient of friction, 

r the length of string between the ring and the pro- 
jected body, 
Fthe velocity of projection, 
T the tension of the string : 

since one body is at rest the other body describes a circle, and 
since friction acts on it in a direction perpendicular to the string, 

V % 

r ' 

but in order that the other may continue at rest, the tension 
and friction must be equal, therefore the tension must not 
exceed the greatest possible friction, that is, 

m —>l* m 9\ 
therefore V % ^ jujr. 

The velocity is always decreasing, in consequence of the 
friction on the moving body; if therefore the other body do 
not move at first it will not move at all. 

9. Having given the index of refraction between the two 
media A and -B, and also between the two A and (7, shew 
how to find that between B and C. 

The index of refraction (/jl) in a medium varies from point 
to point, being a function of the distances x and y from two 
planes at right angles to each other ; a ray traverses the medium 
in a plane perpendicular to these two planes ; if log/* =/(#, y), 
prove that the curvature of the path of the ray varies as 

Let P (fig. 82) be a point in the path of the ray, PT its 
direction at that point, AN = a?, NP = y ; at P let the ray 
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pass from a medium whose Index is /*, to one whose index 
is fi + Sfij and the direction be consequently changed to PT : 
let PG be the normal at P to the surface of equal density 
passing through P. Then 

sinGPT _ fi + 8p 

BrnGPT" fi * 

co*TPT + cotGPT .smTPT = 1 + -^: 

A* 
or, taking the limit, 

cot<?Pr.#.(tan-^ = i.^ 
ax \ ax J fi ax 

-sow) 
=/(*)+/w|- 

Now, cot OPT = cot {PGx - Plk), 

and tanP0 [ a;=^4, tanP22c = $: 

therefore cot GPT= —j£&J&; 

1 doc* du doc 

~r L + tkfo'™*'™'*' 



FH 



or the curvature varies as /'(a?) -p — /'(y) -7- , 
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12. Describe the reading microscope of the mural circle. 
What are * Buns'? Shew that the effects of the eccentricity 
and irregular form of the pivot are eliminated by taking the 
sum of opposite Microscope-readings corrected for Buns. 

The effects of eccentricity and of the irregular form of the 
pivot in the mural circle are of exactly the same kind, viz. 
displacing the circle, parallel to itself, from the position which 
it would have had, when the telescope was pointed to the same 
heavenly body, if its pivot had been truly conical, and the 
axis of the pivot had passed through the centre of graduation. 

Now, if there be two microscopes opposite to each other, 
that is, having their axes in the same straight line, the two 
points on the limb actually observed through the microscopes 
will be at the extremities of a certain chord of the circle, 
while the points which ought to be observed are at the ex- 
tremities of a parallel chord; but the two arcs contained be- 
tween parallel chords of a circle are equal ; therefore the error 
of one reading in excess is equal to the error of the other in 
defect ; these errors are therefore eliminated by taking the sum 
of opposite readings. 

The necessity of correcting for runs arises from the fact, 
that the errors of runs at two microscopes have no tendency 
to compensate each other. The error of runs may be kept 
within convenient limits by properly adjusting the distance of 
the microscope from the limb; but so long as there is any 
eccentricity, or any irregularity of the form of the pivot, this 
distance will necessarily vary, and the error of runs will con- 
sequently exist. And when the error exists, the value of the 
correction to be applied depends upon the number of minutes 
and seconds which are read off at the microscope in question : 
for example, if the error for 5' be 5", the error will be 1" for 1', 
2" for 2', and so on. Hence it is impossible to give any method 
for eliminating these errors : they must therefore be separately 
corrected for. 

14. What is the greatest value of the inclination of the 
Moon's orbit to the ecliptic, for which there would have been 
a lunar eclipse at every opposition? 



9-12.] 



RIDERS. 



143 



Find the lunar ecliptic limits ; and determine whether there 
was or was not an eclipse of the Moon on the 31st of March 1847, 
from the following data, selected from the Nautical Almanac : 



1847. 


The Sun's 


The Moon's 


Semidiam. 


Longitude. 


Semidiam. 


Parallax. 


Longitude. 


Latitude. 


Mar. 31. Noon 

Midnight 

Apr. 1. Noon 


16T'.3 
i6'l"*.0 


10°9'18".3 
li°8'26 ; '.i 


14 / 44 // .3 
14'45".8 


64' 6".0 

64'io".5 


i86°56'i6".2 

191°53'11".3 


l°10'27".l 











Apr. 1. Sun's parallax 8".58, longitude of Moon's ascending 
node 199° 26'.2. 

In order that there might be a lunar eclipse at every op- 
position, it would be necessary that 

. , ,. M ..If the least value of the sum of 

the greatest distance of the L* I , ,, , ,. , ., 

^, °, t * - ,. ,. )>( the Moon's radius and the ra- 
Moon's centre from the ecliptic ( | , . ^ ,, „ - , ,, 

r J I dius of the .barth s shadow : 



but the greatest distance of the ) ( 
Moon's centre from the ecliptic J ( 

therefore the inclination of] must 
the Moon's orbit to the ) not 
ecliptic J exceed 



the inclination of the Moon's 
orbit to the ecliptic; 

the sum of the Moon's ra- 
dius and the radius of the 
Earth's shadow. 



From the numerical data the difference of the longitudes of 
the Sun and Moon was 



175° 46' 57".9 at noon \ 
181° 14' 19".l at midnight j 



on March 31. 



Hence the separation in longitude during twelve hours was 
5° 27' 21".2. 

In this interval the Moon's longitude increased by 4° 35' 53".3, 
and the Moon's longitude at opposition was 190° 32' 9".5. But 
the longitude of her node was 199° 26' 12" ; therefore the dis- 
tance of the Moon from her node was 8° 53' 52".5. 

Now (Hymers' Astron., Art. 425) if the Moon's distance 
from her node when she is in opposition be less than 9°, there 
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must be an eclipse; therefore on the 31st of March, between 
noon and midnight, the Moon was eclipsed. 

If the distance of the Moon from her node had been between 
9° and 12° 36', we should have been obliged to calculate the 
exact value, under the given circumstances, of the quantity 
whose greatest and least values are 9° and 12* 36'. 



Monday, Jan. 16. 1J...4. 

2. Shew that all the roots of the following equation are 
possible : 

-AU^- + -^ + + _4L_,. 



x — a. 



If possible, let x = u + v V(— 1) 5 then 



A * A * 

^ + ** .. . + = 1, 



u - a x 4- 1> V(- 1) u — a^ + v V(- 1) 



(u-aj'+tf + - 1 ' 

( A % A 9 ) 

v '((«*- a,) + tr (u-aj) + tr J 7 



or 

and therefore 



which shews that v = 0, and therefore establishes the pro- 
position. — Liouville: Journal de MathSmatiqueSj 1838, p. 337. 

The same thing is true in relation to the equation 

l — + — «- + *— -f + — = X + /* a a?. 

a; — a, a — a^ a? — a z x — a r 



Liouville: Ibid. 



3. If a + fi V(- 1) be a root of the equation 
a? + qx + r = 0, 
prove that a is a root of the equation 

8a? 8 -f Iqx - r = 0. 
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Since a + f3 V(— 1) is a root of the proposed equation, we 

have 

{a + £ V(- I)} 8 4 q {a + V(- !)}+*• = 0, 
whence 

a 8 + 3a*£ V(- 1) - 3a^ - & V(- 1) + ?a + #8 V(~ l)+r = 0. 

Hence a 8 - 3a£* + ja + r = 0, 

and 3a" - £* + q = 0. 

Eliminating fj between these equations, we see that 

a 8 - 3a(3a- + q) + qa + r = 0, 

8a 8 + 2<?a - r = 0, 
or that a is a root of the cubic 

&x* + 2qx - r = 0. 

5. Prove that the series tana — £tan 8 a + £tan 6 a - ... ad inf. 
is equal to nir + a, where n is zero or such a positive or nega- 

tive integer as will make nir + a lie between - and — - . 

2 2 

Shew that, whatever positive integer m be, if 

* (2w+l)7r' 0^3^ 
is a very approximate solution of the equation tan# = 0. 

As changes from mir to mir + ~ , 

tan0 to oo continually; 

therefore, at some intermediate value of 0, tan = 0] and since 
in this case the arc subtended is equal to the linear tangent, 

IT 

the angle must be nearly mir + - , and more nearly the larger 

integer m is. 

Let = mir + ■— — a 

A 

= i-a, ^andabeing 8 maU; 



-r - a = tan ( - — a J = cota ; 
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.\ tana = ^ + a^ tana, 

a = ^, for a first approximation ; 
••. tana = ^ + ^ 8 , nearly, 
and a = tana — £tan 8 a, 

= * + * 8 -i* 8 ; 

.\ = -r - <f> - §0 8 , nearly. 

6. Investigate the condition of perpendicularity of two 
straight lines whose equations are 

Ax + By + C = 0, .4'a; + 5'y + C = 0. 

Shew that, if the axes be inclined at an angle a>, the con- 
dition that the straight lines may be equally inclined to the axis 
of & in opposite directions, is 

B B' ft 

-j + -77 = 2cosw. 

If, besides being equally inclined to the axis of a?, the 
straight lines pass through the origin and be perpendicular to 
one another, the equation of the straight lines is 

x* + 2xy cosa> + #* cos2© = 0. 

Let 0, 7T — be the inclinations of the straight lines to the 

axis of x. 

J3_ sin(ct)-fl) 
A ~~ sin0 

= — sine* cot0 + cos6i, 
-p a smo> cot0 H- cosa>; 

.". -r + -77 = 2 COS©, 

If the straight lines be perpendicular and pass through the 
origin (7=0 = 0', and 

J.4' + BB' - (AB' + BA') cos© = ; 
55' , , (B B\ 

•'• 3Z + 1 -U' + 2)™ Stt,==0 ' 
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and -j-p = - 1 + 2 cos'a = cos2o> ; 

B I? 

.*. -r and -j, are roots of the equation 

s* — 2 cos o)z -f cos2g> == ; 

.\ replacing s by , 

x x + 2xy cos<o 4 y* cos2a> = 
is the equation of the two lines, 

7. Investigate the equations to the tangents at the extre- 
mities of two conjugate diameters of an ellipse whose equation is 

a* 



+ b* ' 



the coordinates of the extremity of one of the diameters being 
given. 

In an ellipse 8Q and HQ^ drawn perpendicularly to a pair 
of conjugate diameters, intersect in Q] prove that the locus of 
Q is a concentric ellipse. 

Let GPj CD be semi-conjugate diameters of an ellipse, 
x\ y' the coordinates of P. 

Then the equations to the tangents at P and D will be 

xx yif , , , 7 

— r + ^ = 1 and yx — xy = o& ; 

therefore the equations to the perpendiculars drawn from 8 
and J? on CD, CP, which are parallel to these lines, are 

(x + ae) fa -3^ = 0, 

and (x - ae) x' + yy' = 0* 

And eliminating x'y' to find the locus of #, 

—v- + a* = ' 

the equation to a concentric ellipse. 

L2 



148 SENATE-HOUSE PROBLEMS AND RIDERS. [Jan. 16, 

8. Shew that the locus of the poles of all tangents to a 
given circle, with respect to another fixed circle, is a conic sec- 
tion, whose directrix is the polar of the centre of the first circle. 

Employ the method of reciprocal polars to shew that, if three 
ellipses have one common focus, and pairs of common tangents 
be drawn to the ellipses taken two together, the three points of 
intersection of these pairs of tangents lie in a straight line* 

Corresponding to each ellipse is a circle, 

a tangent to each ellipse is a point in the 

corresponding circle, 

each common tangent to two ellipses is a 

point of intersection of the two correspond- 
ing circles, 

intersection of the two common tangents is 

the common chord of the two circles ; 

and since three common chords intersect in one point, therefore 
the three points of intersection of the pairs of common tangents 
lie in one straight line. 

10. Investigate formulae for the transformation of coordinates 
in passing from one system of three rectangular axes to another 
having the same origin. 

Shew that the equation of a surface yz + zx + xy = a* may 
be reduced to the form 

2 

The surface is evidently symmetrically placed with respect 
to a line equally inclined to the three coordinate axes ; if there- 
fore such a line be one of the axes of a new system, the equation 
will assume a symmetrical form with respect to the axis. 

This will be effected if we first turn the axis of y and z 
through 45° in their own plane, 

or for y write y . , 

and for z write y . , 

V2_ 
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and then turn the axis of x and y through the angle cos' 1 -^-, 



Liu y luruugu uiu augic wo 

or sin^VJj in their own plane. 

*.e. for a? write ff. , 

and for y write /o • 

The result of the first substitution is 

and of the second 

(y + *V8)' , *(a?-tf)-xy<j2 z* _ 
6 + 3 2 ""> 

or a?* - 9 T = a". 



11. If -4, J?, (7, be extremities of the axes of an ellipsoid, 
and J. (7, £(7 be the principal sections containing the least axis, 
find the equations of the two cones, whose vertices are -4, 2?, 
and bases -BO, AG respectively: shew that they have a 
common tangent plane, and a common parabolic section, the 
plane of the parabola and the tangent plane intersecting the 
ellipsoid in ellipses the area of one of which is double that of 
the other; and, if I be the latus-rectum of the parabola, Z l9 1 % of 
the sections A C, 2? (7, prove that 

1 - I I 

V " I? + I* ' 

The equations of the base BG are 

* = 0, fU^=l (1). 

Let the equations of a generating line be 

*=^«1 = * {2] 

at the point of intersection with BG (1) and (2) are simultaneous; 
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I m n 



V + (? " a* 



therefore the equation of the cone, vertex A, is 

b* + c* - a s * 
Similarly, the equation of the cone, vertex B, is 

* , * Ay-W 

a» + c' ~ 6 s ' 
These surfaces intersect where 

i-l-ffl + lprJ 

therefore, where - = %■ (3), 

1 a b v ' 



or 



M-' «• 



, x y z *, 2x 

where - = f, t = 1 , 

a b 1 c a 1 

or the projection of the curve of intersection is a -parabola, so is 
therefore the curve itself, where 

- + f-i, * s = o, 

a b ' 7 

or the plane denoted by (4) is a tangent plane, since it only 
meets either surface in a generating line. Whence the two 
properties are established. 

The planes (3) and (4) are inclined at the same angle to the 
plane of xz, and the equations of the projections of their inter- 
section with the ellipsoid, whose equation is 

a? f z % 

a* + V + c 8 ~~ *' 
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m "y+7" 1 (*>' 

and -5- 4-14.- = 1 

or «* = — («B-af) (6). 

The half-axes of (5) are -7-, c, and of (6) - , -7- ; 

V* 2 v2 

therefore one area is double of the other, and the same is true of 
the areas of the equally inclined curves of intersection. 

The secant (fig. 83) of the inclination of the plane (3) to 
that of xz is 

V(q' + y) 
a ' 

and if DC be the parabolic section, MP an ordinate, 

jaf-g..)VK±fl, 

2r 8 
• PM* = DM' 

- rM V(« a + * a ) ' 



1 _ a » + y _ J. J. 



Or we can shew the geometrical properties thus : The cones 
have a common generating line AB, and the plane through AB 
parallel to 0(7, which touches both sections BG and AC, is a 
tangent plane to each. 

Also, all plane sections parallel to D0C y since OD is parallel 
to a generating line of each cone, are parabolic sections ; there- 
fore, DOG must be a parabolic section. 

Again, all parallel sections of an ellipsoid are similar ellipses; 
therefore, the section of the ellipsoid by DOG being equal in 
all respects to the sections through OG parallel to BA, the 
areas of the sections by DOG and the tangent plane through 
AB are as AIT : a*, a being the half-diameter conjugate to OD, 
and AD 1 = a 8 — AD?, since the conjugate diameters are equal ; 

.-. a* = 2AD i y 
and the areas are one double of the other. 
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12. Prove that, if p, y, r, be the lengths of arcs of great 
circles drawn from the angles A, B 9 (7, of a spherical triangle 
perpendicularly to the opposite sides, 
sin a sinp = sinft sin; = sine sinr 

= (1 — cos"a — cos*& — cos*c -f 2 cosa cos J cose)*. 
By the formulas of spherical trigonometry, 

sin/? « sinc.sin-B (1), 

cos 5 = cose, cosa + sine. sina. cos B. (2). 

From (1) and (2) 

(cos& — cose . cosa)* + sin*p . sin* a = sin'c . sin 8 a, 
sin*a . sin*p = sin*e . sin* a — cos*i + 2 cosa cos J cose — cos*c cos* a 

= 1 — cos* a — cos*& — cos*c + 2 cosa cost cose, 
whence, by symmetry, 

sina sinp = sin J sin j = sine sinr 

= {1 — cos* a — cos* 6 — cos*c + 2 cosa cost cose}*. 



The equations sina sinp = sini sina = sine sinr may be 
proved also thus. 

From (1) and the analogous equation 

sini = sina sin (7, 

. sin/7 sine sini? sine sini sin& 

we have -r- 4 - = - — . -r-75 = -. — . - — = -5 — , 
sinj sina sinC sma sme sma 

and therefore, by symmetry, 

sina snip = sini einq = sine sinr. 



Tuesday, Jan. 17. 1£...4. 

4. Determine the motion of a planet in geocentric longitude, 
and shew that all planets will sometimes appear stationary to 
an observer on the earth. 
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If m be the ratio of the radius of the Earth's orbit to that 
of an inferior planet, n the ratio of their motions in longitude 
considered uniform, shew that the elongation of the planet as 
seen from the Earth, when the planet appears stationary, is 
equal to 

Let #, i£, P, (fig. 84) be the positions of the Sun, Earth, and 
planet at the time when the planet appears stationary, E\ P 
the positions of the Earth and planet immediately afterwards: 
then EE' y PP may be considered coincident with the tangents 
at i?, P; and since the planet appears stationary from the Earth, 
EP is parallel to E'P\ also the orbits must be considered 
circular, since the motion in longitude is uniform : produce the 
tangents at E } P to meet in T. 

TP: TE:i PP : EE' :: lPSP' : m.AESE' 
:: 1 : mn. 

But TP: TE:: smTEP: sinTPE:: cosSEP: -cos&PE, 

-COB&PJ? 



mn = 



cob SEP 



therefore 


8 a cos 8 SEP- cos 8 SPE 


1 mn ~ cm? SEP 


Also 


SE sin SPE 
m ~ SP~ 6inSEP> 




, , sin* SPE -sin' SEP 



sin" SEP 
cos 1 SEP- cos* SPE 



am'SEP 

I - mV _ am* SEP 
or m*-l "cos* 'SEP 1 

and /KELP the elongation = tan -1 . /( — ,_ j , 
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5. Determine the motion of a particle acted on by given 
forces, and constrained to remain on a given surface. 

A particle is in motion on the surface whose equation is 
z = <£(#, y), and is acted on by a constant accelerating force 
f parallel to the axis of z ; if v be the velocity of the particle, 
and its path be always perpendicular to the direction of the 
force, shew that, at any point of its path, 



v f 



ehdt 



f~~cTz (dz\* d*z dz dz d*z fdz\ ' 

dm? \dy) dx dy dx dy dtf \dx) 

If B be the pressure of the surface on the particle, in the 
direction of the normal whose direction-cosines are Z, w, n, the 
equations of motion are, if being the mass of the particle, 

M J - Bn + Mf; 

but the path of the particle being always perpendicular to the 
direction of the force, z is constant throughout the motion, and 
dz d*z 

-t: = 0, -jz = 0, and the equations become 

de~ f n~ f a%> 
d*ff _ _ /.w_ „dz 
aY~ J n" J dy' 

Also, since -=- = 0, 

(dx\* fdy\* dz dx dz dy A 

UJnJj^ "* £ dt + dy J = °> 
and therefore 

dz dz 



v ~j7. t v — 

di^^ 



dx ^^^^ dy dy „. dx 



V{©' + ©}' a "Vl®'*QT 
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Also, differentiating the equation -^ -=- + -j- -^ = 0, with 
respect to J, 



ch? \dt) + dxdy dt Tt*"M \dt) 



dz d*x dz d*y _ 
+ ^ ~dF + dy dF~ ; 

u x-i. x- r dx dy d*x , d 2 y 
or substrtutmg for ^ , J,_,and^, 

(dzV fdzV \dx* \dy) dxdy' dx' dy + dtf'Kdx)) 

\dx) + UyJ 

+/{(§Mt)"H 

da? ' \dy) dx dy* dx' dy dtf " \efo7 

The different sign depends on the direction in which / is 
estimated. 

8. Define the principal axes of a rigid body, and shew that 
for every point in space there exists a system of such axes. 

Shew that in general there is only one point for which the 
principal axes are parallel to those drawn through a given 
point ; but that, if the given point be in one of the principal 
planes through the centre of gravity, there is an infinite number 
of such points lying in an hyperbola which passes through the 
given point. 

Let the rigid body be referred to axes through the centre 
of gravity, parallel to the principal axes through the point 
whose coordinates are a, /3, 7; therefore x, y, z 7 being co- 
ordinates of a particle in 

2m{x-a) (y-£) = 0, 
therefore, since 2 (rose) = = 2 (my), 

2(mxy) = Mafi. 
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If £, 17, f, be coordinates of a point for which the principal 
axes are parallel to the given axes, 

2{mxy) - Mgri] 

therefore fiy = afi \ 

similarly, iy£ = fiy I (1). 

and Sf = 7« J 

If a, /3, and 7 be each different from zero, 

£ = -a, 17 = - ft and f=- 7 ; 

or there is only one other point equally distant from G, and 
in the line joining G and the given point. 

But if they be not all different from zero, let y = ; 

therefore 2 (my*) = 0, 

and 2(mzx) = 0; 

therefore xy is one of the principal planes through G: and 
in this case the equations (1) are satisfied by 

C=0 and fi? = a)3; 

therefore all points in the rectangular hyperbola represented by 
those equations satisfy the required condition. 



Wednesday, Jan. 18. 1$...4. 

3. If f{x) be a continuous function of x 1 shew that, when 
x increases, f(x) increases or diminishes according as f(x) is 
positive or negative ; deduce tests which are sufficient for dis- 
tinguishing between the maximum and minimum values off(x) y 
supposing them to exist for certain values of x* 

Find the least triangle which can be described about a given 
ellipse, having a side parallel to the major axis. 



H-4-] 
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The triangle (fig. 85) is evidently isosceles. 

Take the side parallel to the major axis to touch the ellipse 

on B\ 
Let a, by be the £ axes, 

xy the coordinates of P, the point of contact of one of 
the sides, 

E the vertex. 



y \ 



B'D 



x 



therefore 

and 

therefore 

therefore 



B'E:--y 
y * 

:: b 4 — : — 

:: J : J — y; 
area of triangle = B'D . BE, 
x b 4 y 
b — y* y ' 

«f : J 4 - y : 

(*+y)' 

3 



a minimum. 



*'; 



is a minimum ; 



2 1 

6+y y *-y 



changes sign from — to 4 as y increases ; 
therefore (4 J - 2y) y - 2 (J* - y 9 ) = 2 J (2y - J) 

changes sign from — to 4, 

which happens when y = - , 

or OS = 2BG. 

Otherwise. Since an equilateral triangle is the least triangle 
circumscribing a circle, in which case the height of the triangle 
is 3 times the radius, project both on a plane inclined to the 
plane of the triangle through one side, and the projection of 
the triangle is circumscribed round that of the circle, which 
is an ellipse, and the height of the triangle is 3 times the 
minor axis. 
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4. If x*f(y) contain all the terms involving the highest 
power of # in the rationalized equation of a curve, shew that 
f{y) = is the equation of all the asymptotes parallel to the 
axis of x. 

If the equation, arranged in the form of a series of homo- 
geneous functions of descending order, be 



-yg) + ^g) + ...-o b 



and f(z) ass have two equal roots different from zero, each 
equal to a ; shew that, if r = 1, there is a parabolic asymptote 
whose equation is 

and, if r = 2, there are two parallel rectilinear asymptotes whose 
equations are 

f -2<ft(tt) )» 

9 ' m± brw\ m 

Divide the equation by a?*, and the result is f[y) -f terms 
involving negative powers of x. 

The curve is satisfied by the system of values 

x = oc and /(y) = ; 

therefore, f(y) = is the equation of a series of all straight 
lines parallel to the axis of x, which meet the curve at an 
infinite distance, or is the equation of all the asymptotes parallel 
to the axis of x. 

Let a be a root of f(z) = 0, and let y = ax + t at every 
point of the curve ; 

•'• *"/(«+S +*"♦(«+■;) + = °> 

and /(«)+/<(«) £+r(« + O£ + ;?*(« + 3 + ...-0 b 

0> < 1. 
If now f(z) = have two roots = a, 

/(a)=0 and/'(a) = 0; 
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If possible, let x be taken indefinitely large. 

I. If r-1, 

/"(«)£ + **(«)-<>, 

and *_ -*»»(«) . 

and <•- //(a) , 

is the ultimate relation between x and y at an infinite distance. 

Or the curve ultimately coincides with a parabola of which 
y = ax is the equation of a diameter. 

II. If r = 2, 



y-a» = ± 






is the equation of two straight lines which are asymptotes to 
the curve. 

To trace the curve whose equation is 

xy{y-xf -atf = a\ 
When x = 0, y — — a, 

a? cannot be negative for positive values of y ; 

a; — a = is the equation of the asymptote parallel to the 
axis of y (1), y — to that parallel to the axis of x (2). 

Let y — x = £j 

therefore ajytf 2 — «y = a 4 ; 

therefore, when a? and y are very large, 

aft" - oa? 8 = ; 

therefore (y -xY = ax 

is the equation of a parabolic asymptote (3). 
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To find on which side of (1) the curve lies, retain terms 
to order y*; 

therefore [x-a)tf - 2a?f = 0, 

2a f 



and 

Similarly for (2), 


x = a H . 

y 

yx 8 — 2afy* = a 4 , 




a 4 



therefore the shape of the curve is that which is given in 
fig. (86). 

5. If r, be coordinates of a point in a plane curve, and 

<f> the angle between the radius-vector and tangent at that 

point, prove that 

. dr , . . d0 

cos£ = -r 1 and sin^ = r -?- . 

Sj H are two fixed points, and a curve is described such 
that, if P be a point in it, the rectangle contained by SP 
and HP is constant ; shew that the straight lines drawn from 8 
at right angles to SP and from H at right angles to HP meet 
the tangent at P in points equidistant from P. 

Let Tj T' (fig. 87) be the points in which the straight lines 
so drawn meet the tangent at P, SP= r, HP= r. 

Then cosSPT-J, cosHPT=^, 

cosfiPr dr 1 

HP =m S. 
cqbHPT' ^1? > 

ds 
but, since rr is constant^ 

dr , dr _ 
ds ds ' 
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or 



r r 

ds da 

PT=PT. 



6. Trace the curve whose equation is 



- « 1 - tan0. 
r 



We find that 



dO _ 1-tanfl ^ rffl _ g 

r rfr"l+tan 8 « and ^ rfr " 1 + tan*0 ' 

dQ 
when = 0, r = a, r -j- = 1, and the curve cuts the prime 

radius at an angle - ; 

when > < - , 

r is positive and changes from to oo, and when = — 1 

r -T- = -, givmg an asymptote; 



<?> 4 < 2' 



r is negative and changes from oo to 0, and when = - , 

r* j- = 0, or the curve passes through the origin in a direc- 
tion perpendicular to the prime radius; 

2 



> - < 7T, 

r is positive and changes from to a, when = w, r j=l, 



and the curve again cuts the prime radius at an angle — . 

Since tana = tan (tt + a), the remaining portion of the curve 
from = ir to = 27r is precisely similar to that already dis- 
cussed, and the form of the curve is that given in fig. 88. 

M 
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being the origin, OA = OA = o, 
OB=OB' = < l 1 

OO-OC-fc 

AL the branch from 6 = to 6 = — , 

MO 6 = 1 t0 *-|> 

0£'^' ^ = 5 tO 0=7T, 

and so on for the other quadrants. 

8. State between what limits the summation of dxdydz 
should be performed, in order to obtain the volume contained 
between the conical surface whose equation is a? + y s = (« - zf 
and the planes whose equations are x = z and x = 0] and find 
the volume by this or any other method. 

Integrate 
from z = MQ = x to « = i£P= s a-V(«'+y I ), (fig. 89), . 
from y=-RN=- >J(a*-2ax) to y = +.BiV= + V(a*-2aa;), 
22 being the projection of 8 on OAB } 

and from x «■ to a? = 01?— - . 

. The section of the cone by the plane z = x is a parabola, 
being parallel to the opposite generating line. 
The area of the base of the required volume 

2 _ a 
= 3' 2a -V2> • 

height-^; 

therefore the volume required = - . - . 2a -j- . -7- 
^ 3 3 V2 V2 

~ 9 ' 
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or, performing the integrals, 

volume required = lldxdy {a—x — */(a? + y*)} 

= / dx<2{a — x) *J(a*-2ax) - (a — x) */(a* — 2ax) 

o 7 a — x 4 V (q* — 2ax)) 
-«. - J; 

and, if 1 — — = s\ 

db 7 
or = zdz 

= j£* |2*'(i +»■)-«(•■- «" i. f±i} , 

and |.A(^_i)-J,l±i.J(^_i). 4 "±i 

,. ^^-tr^-J/;a-^*-i(.-¥+S):« 

therefore volume required 

^^|2 2 1 2_ n 

a 8 (1 2 1) 

^ a 3 f 1 1) 2a* 

"" 2 (3 + 9 J 9 ' 

9. Give a geometrical interpretation of the singular solution 
of a differential equation. 

Investigate the singular solution of the equation 



*$$- — %**-*-* 



M2 
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and shew that it is the envelope of a series of circles described 
on the subnormal of a rectangular hyperbola as diameter. 

V= 8y> M - 2xyp + 9y* - a? = 0, 

^=16jfr-2xy = 0; 

and eliminating p, 

xyp — 2xyp + 9/ - a? = 0, 

fy f - ^ - ~ - 0, 

^ = 8y». 

Also -j- = 16#p f - 2xp + 18y 

= 18y; 
therefore a? = 8y* is a singular solution. 

The equation of a rectangular hyperbola being 

thq subnormal = £ at a point (£, 17). 

The equation of a circle on this subnormal is 

(-ft**-® 

therefore, performing the operation for determining the locus of 
the ultimate intersections, 

4f = 3aj; 
therefore the equation of the locos is 

or 8y* = a?, 

the singular solution of the differential equation. 
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10. Shew that the differential equation of all surfaced which 
are generated by a circle, whose plane is parallel to the plane 
of yz, and which passes through the axis of x and through two 
curves respectively in the planes of zx and ccy, is 

(/ + *»)* + 2 (s-yj) (l+j^«0. 
Let the equations of the two curves be respectively 

y = 0, Z = +{X) (1), 

* = 0, y-tf(*) (2). 

The equations of a generating circle 

y + «" - Py - 7* = 0, 

x = a; 
and since this circle meets the curve (1), 

<£(<x)=y, 
similarly \fj(a)=fi; 

therefore the equation of the surface generated is 

y» + + _ ^(*)y - 0(b) * = (3) ; 

therefore 2y + 2sj — \fs(x) — 0(a?) j = (4), 

2 + 2^ + 2;** - 0(a>) * = (5), 

and eliminating the functions by cross-multiplication, 

(tf + z*)t-2{t/ + zq)yt + 2(l+tf + zqt) (yj-«)=0; 
therefore (f + z 2 ) t + 2(1 + tf) [z-yq) = 0. 

11. Find the general functional equation to surfaces gene- 
rated by the motion of a straight line which always intersects 
and is perpendicular to a given straight line. 

If the surface whose equation referred to rectangular co- 
ordinates is 

aa?+bf+cz 2 +2a'yz+2b t zx+2c f xy-\-2a ,, x+2b''y+2c ,, z+l=0 1 

be capable of generation in this manner, shew that 

a + 1 + c = 0, ad* + bb' 2 4 cc'* = 2a'b'c' + abc. 
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If the equation to the given straight line he 

x — a _ y — b _ e — c 

I ~" m ~~ n ' 



the general functional equation to such surfaces is 

(Gregory's &>&* Geometry, Art. 206), 



= * (J) suppose 



^' + £ 



OO" 



Now, u, v being linear functions of a?, y, 2;, if the surface 
be of the second order, this must become of the form 

A + B- 

v 

A'+B'-' 

v 

and the equation to the surface will be 

{lx + my + nz) (A'v + B'u) = Av + Bu, 
or 

(Ix+my+nz) [A\nx—h)+B\ny—mz)—A\na—h)—B\rib—mc)} 

= Av + jBw. 

This being coincident with the given equation of the second 
order, we "must have, X being some factor, 

Xa = A'nlj Xb = B'mn^ Xc = — A'nl — B'mn ; 

therefore X(a + i + c) = 0, or a + & + c=*0, 

since X = would destroy the whole. 

The second condition may be obtained from the values of 
the coefficients, but may be inferred from the fact of the ge- 
nerators being all parallel to a fixed plane, and successive 
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generators not intersecting, so that the surface most be a hy- 
perbolic paraboloid, the condition for which is 
aa" + JJ' a + cc" -abc- 2db'c' = 0. 

Obs. The equation to this surface may be reduced to the 
form y 1 — z* = Ix. 



Thursday, Jan. 19. 1J... 4. 
5. Integrate the equation 











d*y 
da? 


2 

+ - 

X 


dx a* 


0. 


Put 


y 


V 

= — : 

0? 


: then 

-a* as a? 

dx 


etc 


- «"*», 










d*y 

da? 


=5 af 


da? 


dx 


+ 2»"V 


Hen 


ce 






as"' 


d\ 
da? 

d*v 
da? 




o, 



t> = ajy=(7sin(-+CJ, 
where G and 0' are arbitrary constants. 

5. Obtain a general expression for \p(x) from the equation 

\p{x) + ^(1 — x) = c. 

This equation ia a particular case of the equation 

\fj{x) + a${\-x) + (a-1) <f>(x) = c (1), 

when a = 1, £(a?) denoting an arbitrary function of a?. 
In the equation (1) put 1 — x for x : then 

\p(l-x) +a\P{x) + (a-1) <£(!-#) =c (2). 
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Eliminating \f,(l—x) between (1) and (2), we have 

(a*-l) *(») + (a-1) {«*(1 -*)-*(*)} = (a-l)c, 

Put a =s 1 : then 

which is a general expression for ^(x). 

6. A lamina, in the form of a semi-ellipse bounded by the 
axis minor, is moveable about the centre as a fixed point, and 
falls from the position in which its plane is horizontal ; find the 
pressure on the fixed point for any position of the lamina, and 
determine the impulse which must be applied at the centre of 
gravity, when the lamina is vertical, in order to reduce it to rest. 

If this force be applied perpendicularly to the lamina at the 
extremity of an ordinate through the centre of gravity, instead 
of being applied at the centre of gravity itself, about what axis 
will the lamina begin to revolve? 

If the axis minor had been a fixed axis, the pressure of the 
lamina on the axis would, by symmetry, have passed through 
the centre ; therefore in the actual case, when the centre only 
is fixed, there will be a pressure at this point, and the lamina 
will revolve about the axis minor. 

Let be the angle described at a given time, 

h the distance of the centre of gravity from the axis 
minor, 

MK* the moment of inertia of the lamina about the axis 
minor, 

It, F f the pressures on the fixed point, parallel and per- 
pendicular to the lamina ; 

then the effective forces on a particle &ra, at a distance r from 
the axis, are 
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respectively parallel and perpendicular to the lamina ; therefore, 
by D'Alembert's principle, 

M = Mg saxd + sj&wr (^"l 

=* Mg sinfl + Mh(^\ (I), 

F= Mg cos0 - 2 (Smr ^\ 

= Mg cos0 - Mh -3-5- (2) ; 

2(8mg cosfl.r) = S[Smr--^ . rj , 

Mgh cos0 = Mlc'* ^ (3). 

From (3) (f ) - |? sin* (4), 

•7/9 
the constant being omitted, because -7- = 0, when = 0; there- 
fore, substituting for -j-j- and (-7- J , in (1) and (2), and ob- 
serving that h = — and k'* = — , 

i? = % sin (l + 2 ~) = Mg sin (l + gj) , 

i^= Mg cosflfl ~^\ = Mg cos0 (l -|jp) • 

Let X be the impulse which must be applied to the centre of 
gravity, when the lamina is vertical, in order to reduce it to 
rest. 

Let to be the angular velocity at this time ; then, by (4), 
and the effective impulsive force on any particle 8m at a dig- 
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tance r from the axis minor is Sm.&r] therefore, reversing the 
effective forces, and taking moments about the axis minor, 

Xh = 2 (Swear .r) 

Suppose this force to act at the extremity of an ordinate 
through the centre of gravity, and apply two opposite forces 
each equal to it at the centre of gravity: one of these will 
destroy the motion of the lamina, while the other, together with 
the force acting at the extremity of the ordinate, will form a 
couple in a plane perpendicular to the axis major of the semi- 
ellipse. Since the plane of this couple is perpendicular to a 
principal axis of the rigid body through the centre of gravity, 
its effect, if the lamina were free, would be to make it revolve 
about this principal axis; and since the body is constrained 
only by having a point in this axis fixed, it will in fact begin 
to revolve about the major axis. 

7. A thin uniform smooth tube is balancing horizontally 
about its middle point, which is fixed: a uniform rod, such 
as just to fit the bore of the tube, is placed end to end in 
a line with the tube, and then shot into it with such a hori- 
zontal velocity that its middle point shall only just reach that 
of the tube : supposing the velocity of projection to be known, 
find the angular velocity of the tube and rod at the moment 
of the coincidence of their middle points. 

Let m denote the mass of the rod, m' that of the tube, and 
2a, 2d , their respective lengths. Let v represent the velocity 
of the rod's projection, co the required angular velocity. 

Then the vis viva of the whole system is mv* initially: 
at the moment of the coincidence of the middle points it is 
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$ma*e>* 4- ^nt'cPaf. But the altitude of the centre of gravity 
is the same in both cases. Hence, by the principle of vis viva, 

mv* = $ma*a>* + £wi W, 

CO «= s — ; j—f£ • 

mar 4- ma 



Friday, Jan. 20. 9... 12. 

1. The position of a point in space being determined by the 
polar coordinates /, ff, $', where ff is the angle through which 
r' has revolved from a fixed line Oz 1 in a plane which has re- 
volved through an angle <f>' from a fixed plane z Ox : shew that 
the equation to the tangent plane at a point r0<f> of a surface is 

— = -™[r {sin0 cos0'— sin0' cos0 cos(£-$')}]4- sin0' — . A m jAi m 

Let the equation to the plane be 

i, = .4sh0'cos£'4-£sin0'sin<£'4-<7cos0' (1), 

this being perfectly general. 

Since this passes through the point r, 0, <j> } 

- = A sin0 cos^ 4* l?sin0 sin^ 4- C cosO (2). 

Also, since the plane has a contact of the first order with the 
surface at the point r, 0, A, we must have 

dr _dr , dr* _ dr 
WTe d$~d$> 

1 dr 
hence — -^ -^ = A cos0 cos£ 4- B cos0 sin£ — C sin0...(3), 

5 . -tj = — A sin0 sin^ 4- B sin0 cos£ (4). 

From the equations (2), (3), (4) we may determine A, B y C, 
and therefore the plane (1). 
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By (2) and (3), 

- and — -j Tg cos0 = A coa<f> + B sin£, 

andby(4), - ? .^^^ = - ^ rin^ + 5cob^; 

A 1 . * , \ dr . ,1 sin A dr 

r> 1 . * . . 1 dr /,.. 1 cos^ dr 

5a- Sin0 81110 — -a . j^ CO 8 ^ 8U10 - T5 • -*— S • Tl I 

r ^ r* dd r r* Bin0 dp 1 

and again, by (2) and (3), we get 

G = - cob0 + -i . jo • sin0. 
r r* d0 

The equation to the plane becomes 

** «/v ±t f • /* . dr A sin 6 dr\ 

-T = Bina COB* r8in^CO80-- 77 ,CO8^COB<f)4--^. T7 ) 

r ^ \ r d0 ^ sin0 rf£/ 

• /v • ±i f • /i • ^ dr /i • a cos0 dr\ 

•+ sincf sinA (rsin0sin6 — ^cosc/sind r-^.-^ ) 

r \ d0 r sin0 d<bj 

dr 
+ coatf* {r cob0 + -ig . ain0 

= r {cos0 cob^ + sin sinfl' cos (£ — <f>)} 

dr 
+ Tg {sln^ costf* - cob0 sinfl' cos(</>- £')} 

d<f> Bin0 ^ ^ ' 

= -jg [r {sin0cos0'- costfsinfl' co»(£--^')}] 

dr &mff • ,* *,\ 

+ Ji •-r—o • sin (*-*)• 

d£ sin0 vir ^' 



2. If a; be an integer, shew that 



27 |-^i[ * s equal to — 



( ^^^ 



.2.3. ..2n ' 
A»-i be^g *be n* of Bernoulli's numbers. 
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Shew, by Bernoulli's numbers or otherwise, that 
1' 2* 3' j . x _ 2ir 

l'+r^+rF+i a *"y--7Z7*- 

1* 2" 

Let Pss F+i ' ^TT "* *^» 

log.P = log.(^) + log.{^} + log.{ rf L 5; } + ...arf»«/. 

= -{i»-i.(ir+j.(ir- }, 

A? 2-2 4 + 3*2 6 ~ )' 

V8* 2'3 4 + 3'3 s y» 

— (^y-i^i + l-*:?- •"*)» 

| 1.2 2-1.2.3.4 + - + n ' 1.2 ... 2» + "T 

Let this = ■F'(ir), taking 

*W- 1-2 + ••• + n • L2 ...2n + -» 
' ' * W 1.2 + 1.2.3.4 + - + ( l) 1.2...2n + "•' 






or 

by the definition of Bernoulli's numbers. 
Or ,» — ^L_ + i_i 

e"+l , 1 

= <r-i + x 
__^±£! + I. 

6 — e a? 7 
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.\ F(x) = - log(e'-0 + logo; + logC 

and when x = 0, .F(a?) =0; .\ (7 = 2 ; 

.'. ^W=-log?^ = logP, 

2w 
or 



Otherwise, 

8m " 2V(-ip 



^]» --•-•{i-(J)"} {i-^)"} {»_^)-J „.-^*^ s 



hence 



20V(-1) 

={-(^)){-(^ a )]{-(^)}--^ 

put V(— 1) = W) and this gives 



2*r 



2tt 1 st 2 s 3" . . - 

6* - e* 1* + 1 2* + 1 3* + 1 J 

3. Define the terms convergent and divergent when applied 
to a series of quantities real or imaginary. 

Investigate a rule which is ordinarily sufficient to ascertain 
whether a series is or is not convergent. 

Are the following series convergent ? 

3 5«7 a 9 4 2/1+1- . 

2^ + 5 ^ + 10 + 17 + "• + * 4- 1 x + •••> w " erea? w *&*> 

1 + x cosa 4- a? cos2a + &c, where x is real or imaginary. 

Let u x + u % + ... + u % + ... 

stand for the series - a; -h ~#* + ... H — s — — a;" -f ... 
2 5 w + 1 
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Then limit 


«« - limit 2ra + 3 w * + » 


u m 2» + 1 n % + 2n + 2 



175 



the series is therefore convergent if x be less than 1. 

Again, the series 1 + a?cosa + a? 2 cos2a + ... 
is less than the series 1 + x + a? + ... 

Suppose x to be real : this latter series is convergent if x 
be less than 1 ; suppose x to be imaginary, and let 

» = a + 0V(-l), 
the series is convergent if a 8 + /S* < 1. 
In these cases, therefore, the given series is convergent 

7. Solve the differential equation for the vibratory motion 
of the air contained in an indefinite cylindrical tube ; and shew 
that when such motion is produced by a vibrating plate placed 
at one end of a finite tube, of which the other end is open, 
if the period of vibration have a certain relation to the length 
of the tube, it is possible for the character of the vibrations 
to remain permanently the same. 

If such a tube be sounding its fundamental note, what would 
be the effect of making a small aperture in the side of the tube, 
first at its middle point, secondly a little nearer to the open end ? 

Suppose the fundamental note to be produced by a tube 
open at one end, and having a vibrating plate at the other ; 
each end of the tube is a loop, and the middle point is a node. 

Suppose a small aperture to be made at the middle point ; 
then, in order to maintain small vibrations, we must make 
the period of the vibrating plate half what it was : there will 
now be three loops, one at each end and one in the middle, 
and there will be two nodes between them ; the tube will now 
sound the octave above the fundamental note. 

Suppose the aperture to be made a little nearer the open 
end; and suppose, as before, the period of the vibrating plate 
to be so adjusted as to maintain small vibrations: there will 
now be a loop at the plate and a loop at or near the aperture. 
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The part of the tube between the plate and the aperture will 
be affected more or less by the part between the aperture and 
the open end; the loop, which would otherwise have been at 
the aperture, will be forced to retire a little towards the plate, 
but not so far as the middle point of the tube, so that the tone 
of the note produced will be somewhat flatter than the octave 
of the fundamental note ; the regularity of the aerial vibrations 
will not be so perfect as before, and consequently the note 
will not be so musical. 

The above account is founded on the hypothesis that 
the open end is a loop; but, as is well known, it is found 
by experiment that, in the case of a tube open at one end, 
the whole system of loops and nodes is shifted a little nearer 
the open end than the places assigned by theory. Hence, in 
order to allow the perfect octave to be sounded, the aperture 
would have to be made at a certain point a little nearer to 
the open end than to the plate ; if it be made still nearer the 
open end, the note produced would be a flat octave as above 
described : if the aperture were at the middle point of the tube 
an imperfect note would be produced, somewhat sharper than 
the octave. 



8. Find the difference of retardation of the two waves pro- 
duced by a thin lamina cut from a uniaxal crystal perpendicular 
to its axis, when a ray of common light is incident nearly 
parallel to the axis : describe the rings produced by interposing 
such a lamina between a polarizing and an analyzing plate, 
the planes of incidence at the two plates being inclined at an 
angle of 45° to each other. 

If two such laminae, one cut from a positive and the other 
from a negative uniaxal crystal, be placed together and inter- 
posed, what must be the ratio of their thicknesses in order 
that neither rings nor brushes may be visible? 

In order that neither rings nor brushes may be seen, the 
difference of retardation of the ordinary and extraordinary rays, 
after passing through both plates, must be equal to zero; 
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therefore T ^-^ sin"* - T ^-^ sin't = ; 
2av 2av 9 

therefore T:? 7 ':: — A:- — -, 

where T 7 , T' are the thicknesses of the plates, 

a, c ; a', c' the constants of elasticity respectively. 



Friday, Jan. 20. 1£...4. 

1. If/(p, j, r, s ...) = 0, where p, y, r, 8 ... are the distances 
of any point in a curve from fixed points in its plane, or of 
any point in a surface from fixed points, and if a set of forces 
proportional to f'[p\ /'(<?)> f'[r) • ••> act on the point, along 
the distances j? 7 <ft r, ..., prove that their resultant acts along 
the normal at that point. 

If sin\ : sin ^ ::p n : j", where \, /a, are the respective 
inclinations of p, j, to the normal at any point of the curve 
f{p> ?) = 0> prove that, c being a constant, 

Let &, y, s, be the coordinates of the variable point of the 
surface. Then, if f[p^ q, r, s, ...) = <j) (a?, y, s) = w, 

g=/w|^)| + ... 

= the sum of the components of /'(p), /'(y), ..,, 
parallel to the axis of x. 

Similarly, -j- , -7- , denote the sums of the components of 

these derivatives parallel to y, z. 

Hence the direction-cosines of the resultant are proportional 

to T » T1T1 and therefore the resultant is a normal. 
ax 1 ay 1 dz 1 

In the example, (see fig. 90), 

SP = p, TP=q. 



178 SENATE-HOUSE PROBLEMS AND RIDERS. [Jan. 20, 

Take S', T, such points in SP, TP, that 

S'P:TPr.f(p) :/'(?), 
and complete the parallelogram PS'GT. Then the diagonal 
PO is the normal at P. 



Hence lj_ **.$*> 



but df=f(j>) dp +f{q) dq = 0: 

hence y*fl^ + q*dq = 0, 

y 4- q l ~* = cT\ 
Cor, lfw = 0, jp-fj^c, and therefore the curve is an ellipse. 

2. Having given the following simultaneous differential 
equations, 

d*x_dR tfy_dR 

ae " dx } de~ dy 1 

where R =/(r), r^a^ + y-l- ; 

. [ rdr 

prove that * = j____, 

A } B being arbitrary constants. 

9 §xa^x dyd^y (dR dx dR_a\ \ 

dt d(* + dt de + — v<& <& + rfy <a + ; ' 

and r* = a?* +y* + 

.\ r -7- as a?. 
ax 

s -■«•»«» 

dEfi <2x affi dty 
<£r <ft dy dt 

J {) \dxdt + dt,dt + J 

•••$)♦**)+ -™+* 

= 2i? + J9. 
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d*y d*x dB dB 

Also x -di-y-dj= x dj- y te 

dy dx . . 

.-. x -f — y -5- = constant ; 
dt * dt ' 

/ dy dx\* I dz dz\* , 
w(rf+/+ .. {(|)- + (J)- + ...}-(.* +f j + ...)'-^ 

,.^ + ^-^-(.* + ,l + .:....) i -(r*)- ! 



-k 



rdr 



2. Integrate the partial differential equation 

q{l + q)r- (p + q + 2pq) 8 + P( l +P) t = °- 
Employing Monge's method of solving such equations, we 
arrive at the equations 

(q dy +pdx) {(1 + q) dy + (1 +p) dx] = 0, 
and #(1 + q) dp dy + p{l+p)dq dx = 0. 

If we use the equation (1 + q) dy + (1 +/>) da; = 0, 
qdp —pdq = 0, .'. p = aq, 
and rfy + die +^?da; + g'dy = 0, ,\ a? -I- y + « = £; 
.\ a first integral is p — q $(x+y + z) = ; 
.*. from the equations dz = and dy = da? <0 (a? + y + s), 

z = y and dy+dx=dx{l+<l>(x+y+y)}, .\ a>=S+/(a;+y-f 7) ; 
.•. the complete integral is a? = .F(«) +/(a? +y -+ z). 

3. An annular surface is generated by the revolution of 
a circle about an axis in its own plane; prove that one of 
the principal radii of curvature, at any point of the surface, 
varies as the ratio of the distance of this point from the axis 
to its distance from the cylindrical surface described about the 
axis and passing through the centre of the circle. 

N2 
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Let AB (fig. 91) be the axis of revolution, G the centre 
of the revolving circle in any position, P any point in the 
circumference of this circle. Join GP\ draw GN parallel to 
2L4, and NPM at right angles to AB. 

One principal radius of curvature of the surface at P is 
in the plane of the paper. The other principal radius ait P, 
in the plane through PC, at right angles to the plane of the 
paper, is, by Meusnier's theorem, equal to 

PM PM.GP PM 
cos£~ PN * PN* 

4. Give sufficient equations for calculating the motion of 
a right cone placed upon a perfectly rough inclined plane ; and 
find the moment of the couple exerted by friction on the cone. 

Shew that the length of the simple isochronous pendulum, 
when the cone oscillates about the lowest position, is 

3r sin a sin^S' 

2a being the angle of the cone, r the radius of its base, /3 the 
inclination of the plane, and k the radius of gyration round 
a generating line. 

Let A be the vertex of the cone, (fig. 92), 
Az perpendicular to the inclined plane, 
Ay horizontal, 
A Ox x the axis of the cone, 

O H perpendicular to AL the generating line in contact 
at the time t. OM perpendicular to Az. 

And let the friction on the generating line be resolved into 
forces P, O in AL, and perpendicular to it, and the couple 
whotie moment is -N"in plane xAy, 

AO = h y lLAx = <f>j 

to = perpendicular velocity round AL, 

a cos£ = perpendicular velocity round Ax 1} 

A the moment of inertia round A Ox,. 
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By the principle of vis viva, since the slant side is an instan- 
taneous axis, 

Mtfa? = constant + 2Mg sina GMco&<f> (1), 

, A d (w cos£) , r . Q , . 

and A v ^' = Nbw/3 (2). 

Also, equating the two expressions for the velocity of G } 

.-. ^cot£ = -a> (3); 

/. £* cot£ -jp + g sina h sin)8 sin$ = ; 

therefore, for a small oscillation, since h tan£ = ~- , 
<?0 3r sina sin£ 

d? + 5r — IF * = 0; 

therefore the length of the simple pendulum 

4&> 
3r sina sin£' 

^ sina — cot^S cos/3 
and -N"= \ * -4 sin0. 

In order to illustrate a difficulty in forming the equations for 
determining the angular velocities about principal axes move- 
able in the body, we will proceed to determine all the forces, 
without using the principle of vis viva, by the general equations. 

The equations for determining all the forces may be formed 
as follows : 

R being the reaction of the plane through 6?, and L the 
moment of the couple, to which the whole reactions on the 
generating line can be reduced: 

M § = Fj-^-j, - G j-l-z + Mg sina (1), 

dtr h co&p h co&p * v n 

M^ = F y 4 G X (2) 

M dt* * h cos£ + " h cos/3 W» 

Osi-lj cosa (3). 
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Let Qy x , Gz x be axes perpendicular to LAx x , and in the 
plane Gy xJ Gz x fixed in the body, coinciding with Gy x , Gz x , at 
times £, and having this position at times t + A£, when the body 
has turned through w x &t round Gx^ o> s a> 8 , <»' 8 fi>' 8 , angular ve- 
locities round these axes at time t\ 

.\ »', + Aa/ 8 = g> 8 sin(a> 1 A«) + (a> 8 + -^ At) cos^AJ) ; 
.\ » 8 — « a = co 8 cd 1 Af + -jr* A* ; 

••• -as 1 = -^ + •*■»■ 

Similarly, -g^-M.-.^. 

... ^^ = iV8b/8 (4), 

5 (1? + ' ,W •) + (^ _ ^ "A = L-Fh sin/8 ...(5), 

5 (l? " "*••) + ( 5 ~ ^) "Vi * Ncoa & ~Oh...{6) ; 
and by the geometry of the motion, 

•,-0 (7), 

w x = to cos)8 (8), 

a> 8 = - o) sin£ (9), 

x = h cos/3 cos0 (10), 

y = A cosyS sin0 (11), . 

^ = - a> tan£ (12), 

12 equations between .F, #, i2, i, ^T, a;, y, o> 1? g> 2 , g> 8 , ©, 0, t 
By (I) and (2), 

M \ W ~ y w) = Gh C08 ^ " Mgy sina; 

/. 3fA* cos*£ ~tt= Qh c 08 ^ — Jfi/A cos)8 sina sin^. 
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By (5), (6), (7), 

A ^ cos/8 -B^smp^Gh sin/8, 
at at 

or (A cos"/8 + Bmf/3) J = Gh sin/3; 

.-. (Ml? - Mh' sin'/S) ^ = - Gh tan/9 sin/9, 
and Mh" sin*/9 -^ — — Gh tan/9 sin/9 — .%A tan/8 sin/9 sina sin ft ; 

/. Ml? -j? = Mgh tan/8 sin/9 sina sin ft, 

<P<p 3r g sin/3 sin a sin ft _ 

And, by (1) and (2), 

^ + / = A J cos ,, /8; 
therefore * J + y J = - {( J)" + (§)} 

■~J - JKy sina cos0, 
«.e. the centrifugal force from Oz and resolved part of weight 

O = Mh cos/8 -,4- + J^ sina cos^, 

or G is the resultant effective force and the component of the 
weight perpendicular to the plane LAx, 

B= Mg cos a; 

by (5), L = Fh sin/9 - A Q)* cot/3 cos*£, 

whence all the forces are known. 
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5. The form of a homogeneous solid of revolution, of given 
superficial area, and described upon an axis of given length, is 
such that its moment of inertia about the axis is a maximum : 
prove that the normal at any point of the generating curve is 
three times as long as the radius of curvature. 

If c be some constant quantity, then, the axis of x being 
that of revolution, 

1*= itfdx + tyds) = Ay 4 + c 8 y(l+i> 2 )*} dx. 

Then, adopting the ordinary notation of the Calculus of 
Variations, 

C being a constant. 

Hence 
• + ^(1+^-^ + 0^ J^^-a W. 

Again, the formula for the limits gives as the relation 

and therefore, Sy t and 5y„ being independent of each other, 
UdP* — = o — Jfufu A 

Now, by the equation 

either p t « or y t = : on the former hypothesis y t would be ar- 
bitrary, which is evidently impossible. Hence y t = ; similarly 
y tt = o. Consequently the value of C in the equation (1) must 
be zero : hence 

* (c 6 -y 6 ) 
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Hence the radius of curvature 



Also the normal = y (1 4^*)* = -5 . 

Hence, C being the centre of curvature and PO the normal 
at any point P of the generating curve, 

PG = 3PC. 

6. Distinguish between secular and periodic variations. Are 
secular variations ever periodic? 

The equations which connect the inclination and the longi- 
tude of the nodes of the orbits, in the case of Jupiter and 
Saturn, are of the form 

tant sin!2 = O sin (otf + 7) + 17 sin 8, 
tarn cosX2 = O cos (at + 7) + H cosS. 
For both orbits, 
a = - 25".5756, 7 = 125° 15' 40", 8 = 103° 38' 40", and H= .02905, 
O = - .00661 for Jupiter, and = .01537 for Saturn, 

t being reckoned from A.D. 1700. 

Prove the following circumstances of motion, that Jupiter's 

node regresses and Saturn's progresses from a longitude S+e- - 

2 

2e 
through the angle 2s ~ ir in the time — , where s is for each 

planet the least positive angle which satisfies the equation 
# = jocose; that they arrive simultaneously at tneir mean po- 
sition ; and that in this position Jupiter's orbit has its maximum 
and Saturn's its minimum inclination. 

Let Ox) Oy be rectangular axes, GOx = 8 } OG = H; and 
let circles be described with centre O and radii .00661 and 
.01537 (see fig. 93), 

OK Oh\ tan S ente *° *be three circles respectively. 
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Let OG meet the circles in Tand S\ 
therefore for Saturn, e = BGO, 

for Jupiter, e = A G8 ; 

$ _ fc _ e ) = QOx - GOB « 50a:, for Saturn, 

S + f e - ?\ = Ofo + #0^ = A0S, for Jupiter. 

Let Oa?' be parallel to Oa;, and let a line revolving in the 

positive direction from Ox' through otf + 7 arrive at the position 

GQ produced backwards to P. Join 0$, OP; therefore, at 

time t, 

OQ = tani, QOx = 12, for Saturn, 

OP = tan«, POx = 12, for Jupiter. 

As t increases a* + 7 diminishes ; 

therefore QGP revolves backwards; 

therefore Saturn's node advances from OB to OJ, the longitude 

ir fir \ 

increases from 8 + e — - through BOb or 2 f - — s J = ir — 2e, 

in the time =» — ; and Jupiter's node recedes from A One 

IT 

to a Ox j the longitude decreasing from 8 + e — - through -40a 

or 2 e — ~ = 2e - 7r, in the time — . -77-^ = . 

V 2/ 7 — a OP -a 

The nodes arrive simultaneously at the mean positions whose 
longitudes are G0x = 5; in which position Jupiter's orbit's in- 
clination is Of, a maximum, and Saturn's 0S y a minimum. 

Also, it is easily seen that the nodes in t regress together 
during the times that GQ revolves from aG to PO, produced 
backwards, while at + 7 changes by the angle BGa, or the 
difference between 

-- - e and t - - 
2 2 

for Saturn and Jupiter; i.e. for the time 

ir — e — e' 
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during one revolution of Q during the time 

2tt-2(s+s') 
- a 

tanz cosX2 -^ + sec'i sinX2 -^ = aQ cos(otf + 7), 



=T. T^ BUV » K7JLU UA ^r. ' 

at at 

-7- + sec** cosG -7- = 



- tain sini2 -7- + secVcosG -=■ = — a# sin(atf + 7) ; 



therefore tant -17 = aO cos(otf + 7— G) (1), 

or tanV^ = a#{# + J7cos(a* + 7-S)} 

= aG^fcose + cos^ + y-S)} (2). 

Also, tanV= , + ^ + 2#J2 r cos(a* + 7--8) (3). 

In the case of Jupiter, aOH is positive ; 

* * dQ, . 

when otf + 7 — o = tt, -j- is negative ; 

therefore 12 is decreasing most rapidly, and tan* is a maximum, 
O being negative, and X2 = $; therefore this decrease takes 
place while 

by (2), a£ + 7 — 8 changes from it + e to 7r — e, 
and, by (1), a* + 7 — S changes from — to - ; 
or, & being > ? f 

X2 decreases from 8 + f e — - J to B — f s - —J ; 

therefore the node regresses from 8 + s — - through 2e - 7r, 

2 

arriving at the mean position S, where i is a maximum* 
In the case of Saturn, aOH is negative ; 

therefore at + 7 - B = 7r, -=- is positive, 
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Q, is increasing, and, O being positive, tant is a minimum; 
the increase takes place while 

at + y — 8 changes from tt + e to ir — e, 

at + y — X2 changes from — to - ; 

2 2 

e being < - , £2 increases from ^ - ( - - e J t0 ^+(o~ e j5 

therefore the node progresses from 8 + e — - through w — 2e, 

arriving at the mean position S, where i is a minimum. 

The motion of the nodes is exhibited geometrically in fig. (93). 

8. Draw the course of a small pencil of parallel rajs, passing 
at such an angle through a biaxal crystal cut with parallel faces, 
that external cylindrical refraction takes place. 

How may the constants a, ft, c, corresponding to the axes 
of elasticity be obtained experimentally? 

If the two faces of a prism, formed of a biaxal crystal, be 
perpendicular to each other, and one contain the two axes of 
elasticity a, c, and the other ft, c ; and if p a1 p k be two refrac- 
tive indices for the ordinary ray when the planes of refraction 
are perpendicular to the axes of a and 6 respectively; shew 
that jD, the minimum deviation of the extraordinary ray, is 
given by the equation 

8in"D = (/*.*- 1) (/*,"- 1)- 

Let OAj OB (fig. 94) be the projections of the faces contain- 
ing (a, c) and (ft, c) respectively, 

QB, BS, ST, directions of normals to the extraordi- 
nary wave front at incidence, 1 st and 2 nd refraction, 

dJ Jj I * e ^S^ 8 °^ ) 2 nd \ ^cidence m & refraction, 

TDq = D 7 the deviation, 

u = velocity of wave in air, 

v = velocity of extraordinary wave in the crystal ; 
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therefore ^' + \f/ = - (1), 



2 



7T 



^> = * + ^-^ (2) 



2 



sin^ sin^' . . 

~-~v~ W> 

sini£ sin;// ,. x 

"5 ^T W> 

»' = o» cosy + 5 s cosV (5), 

D = minimum (6), 

By (5) and (1), 

t> 2 = a 2 sin 2 i// + fe 2 sin'ty' ; 

therefore, by (3) and (4), 

w 2 = a 2 sin 2 <£ + J 8 sin 2 (7) ; 

therefore = a 2 sin^ cos^ d\f, + J 2 sin0 cos# <fy, 

and by (2) and (6), = d\f> + <fy ; 

therefore = a 2 sin 2^ — J 2 sin 20, 

and by (7), 2w 2 = a 2 + i 2 - a 2 cos 20 - i 2 cos20 ; 

•\ a 2 + i 2 - 2k 2 = a 2 cos 20 + J 2 cos20, 

= a 2 sin 20 — J 2 sin 20 ; 

... (a 2 + i a «2w 2 ) 2 = a 4 + i 4 + 2a 2 ft 2 cos2(0 + 0); 

.\ 2aV {1 - cos2 (0 + 0)} = 4 (a 2 + J 2 ) w 2 - 4u\ 

a 2 J 2 sin 2 (0 + 0) = (a 2 + i> 2 - w 4 ; 

.•. by (2), sin 2 i) = cos 2 (0 + 0) 

"" a 2 " J 2 + tfb* 

-&-)(?-) 

-(m;-i)o»/-i). 



EXAMINATION PAPERS FOR THE 
MATHEMATICAL TRIPOS 1854. 



Tuesday, Jan.. 3. 9... 12. 

1. The complements of the parallelograms, which are about the diameter 
of any parallelogram, are equal to one another. 

If K be the common angular point of these parallelograms, and BD 
the other diameter, the difference of the parallelograms is equal to twice 
the triangle BKD. 

2. Divide a given straight line into two parts so that the rectangle con- 
tained by the whole line and one of the parts shall be equal to the square 
of the other part. 

Produce a given straight line to a point such that the rectangle contained 
by the whole line thus produced and the part produced shall be equal to the 
square of the given straight line. 

3. The opposite angles of any quadrilateral figure inscribed in a circle 
are together equal to two right angles. 

If the opposite sides of the quadrilateral be produced to meet in P, Q, 
and about the triangles so formed without the quadrilateral circles be 
described meeting again in B; P, B, Q will be in one straight line. 

4. Describe an isosceles triangle having each of the angles at the base 
double of the third angle. 

Upon a given straight line, as base, describe an isosceles triangle having 
the third angle treble of each of the angles at the base. 

6. If four straight lines be proportionals, the rectangle contained by the 
extremes is equal to the rectangle contained by the means. 

EA, EA' are diameters of two circles touching each other externally 
at E; a chord AB of the former circle when produced touches the latter 
at C", while a chord A'B of the latter touches the former at C: prove 
that the rectangle contained by AB, AB is four times as great as that 
contained by BC, BC. 

6. If a solid angle be contained by three plane angles, any two of them 
are greater than the third. 

Within the area of a given triangle is described a triangle, the sides of 
which are parallel to those of the given one. Prove that the sum of the 
angles subtended by the sides of the interior triangle at any point not in 
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the plane of the triangles is less than the sum of the angles subtended at 
the same point by the sides of the exterior triangle. 

7. Prove that the rectangle contained by the latus rectum of a parabola 
and the abscissa of any point in the curve is equal to the square on the 
ordinate drawn to the axis. 

If N be the foot of the ordinate, 8Y the perpendicular from the focus 
on the tangent, and T the point where the tangent meets the axis produced, 
JVris equal to TY. 

8. Define the tangent to an ellipse, and shew that it makes equal angles 
with the focal distances of the point of contact 

If NP be the ordinate of P, Y, and Z, the points where the tangent at 
P meets the perpendiculars from the foci, NY : NZ :: PY : PZ. 

9. The tangent at a point P of an ellipse cuts CA, CB produced in T, 
t respectively, and PN, Pn are the respective perpendiculars from P upon 
CA, CB; prove that CT . CJV= AC*, and that Ct . Cn = BC\ 

Shew that the subnormal is a third proportional to CT and BC. 

10. The rectangle contained by the abscissae of the major axis of an 
hyperbola is to the square on the ordinate as the square on the major axis 
is to the square on the minor axis. 

If A, M be the extremities of the major axis of an ellipse, PP* a double 
ordinate, and AP, P*M be produced to meet in Q; Q will lie in an hyper- 
bola having the same axes as the ellipse. 

11. Parallelograms, whose sides touch an hyperbola and its conjugate, 
and are parallel to conjugate diameters, have the same area. 

If CP, CD be conjugate semi-diameters, and through C a straight line 
be drawn parallel to either focal distance of P, the perpendicular let fall 
from D on this straight line will be equal to half the minor axis. 

12. If two spheres exterior to each other be inscribed in a right cone 
touching it in two circles on the same side of the vertex, and a plane be 
drawn touching the spheres and cutting the cone; shew that the section is 
an ellipse, that the points of contact of the spheres with the plane are the 
foci, and that the planes of the two circles contain the directrices. 

Tuesda Y, Jan. 3. 1 } . . .4. 

48* 7 a 

1, Divide 1()8 * by Y74V > and reduce the quotient to the form 

1.0714286; and find what decimal of a guinea is equivalent to '2835 of a 
pound sterling. 

2. The capital of a firm consists of £713. 3«., £964. 17*., £2391. 3*., 
subscribed by three partners ; divide £2231. among them in proportion to 
their several capitals. 
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3. Find the interest on £10,000 for four years at 3 per cent., compound 
interest. 

How many complete years will elapse before a sum of money has trebled 
itself at 3 J per cent, compound interest? 

Given log (10350) = 4-0149400, log 3 = -4771213. 

4. Find the highest common measure of 

x A - x* + 2x> + x + 3, and x* + 2x* - x - 2. 

5. Find the sum of n terms of a geometrical progression, whose first 
term and common ratio are given. 

If 8 n represent this sum, find the arum of 5^, S r £ s ... S H * 

6. Shew that a quadratic equation cannot hav« more than two roots . 
and solve the following equations: 

* 2i 3« , 1 2 3 
* + 2*3 f T =1 -2 + 3-4 ; 

tf-a* x* + a* 34 
x 9 + «• + x* - a* " 15 ; 

1 1 1 

y + s = -, »+#=-, x + y = - , 
x y z 

7. If a, 6, c,... be a series of quantities, and x be a quantity depending 
on them in such a manner that x varies as a when the rest are constant, 
and that x varies as b when the rest are constant, and so on; shew 
that, when they all vary, x varies as their product. 

Apply this principle to the following case : assuming that the quantity 
of work done at a sitting varies as the cube root of the number of agents 
when the time is the same, and varies as the square root of the time 
when the number of agents is the same ; find how long three men would 
take to do one-fifth of the work which twenty-four men can do in twenty- 
five hours. 

8. Prove that log(m x w x r) » logm + logw + logr. 
Why is log{l + 2 + 3) equal to logl + log2 + log3 ? 

Given that log2 = -3010300, 
log3 » -4771213, 

find log (1080) and log(.0025)* 

9. Define the tangent of an angle, and shew from the definition that 
tan(180° + -4) = tan-4, for all values of A. 

10. Find the value of sin 18°. 

In Euclid's construction for determining an isosceles triangle, the 
angles at whose base are double of the angle at the vertex, shew that 
the common chord of the two circles is equal to the base of the triangle. 

O 
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11. Find A from the equation tan 2-4 = 8cosV4 - tot A. 

If sin 3^1 b n sin-4 be true for any values of A besides or a multiple 
of OT, shew that n must be less than 3 and not less than - 1. Solve the 
equation when n = 2. 

If cos0 cos0 ■ sin(o - /J) sin(o + /J), 
and sin (0-0) sin(0 + 0) = 4 cos a cos/2; find cos0, and cos0. 

12. In any triangle ^-BC, prove that 

AB % m BC + CA % - 2£C. CL4 cosC. 
AD ia drawn to meet BC, or BC produced, in D, so that AD is 
equal to AC; shew that if the sum of AB and .40 is n times BC, their 

difference is -th of BD. 
n 

13. Find the radius of the circle described about a triangle whose sides 
are given. 

Shew that the radius of the circle inscribed in an isosceles triangle can 
never be greater than one-half of that of the circumscribed circle. 

14. Two posts, AB and CD, are placed at the edge of a river at a 

distance AC equal to AB, the height of CD being such that AB and 

CD subtend equal angles at £, a point on the other bank exactly opposite 

to A; shew that the square of the breadth of the river is equal to 

AB* 
-™ — -j-=p , and that AD and BC subtend equal angles at E. 

Wednesday, Jan. 4, 9.. .12. 

1. Two unequal forces act in parallel lines and in opposite directions 
upon a rigid body moveable about a fixed point in their plane ; shew that, 
if there be equilibrium, the moments of the forces with respect to the 
fixed point are equal. 

Three straight tobacco-pipes rest upon a table, with their bowls, mouth 
downwards, in the angles of an equilateral triangle, the tubes being sup- 
ported in the air by crossing symmetrically, each under one and over the 
other, so as to form another equilateral triangle; shew that the mutual 
pressure of the tubes varies inversely as the side of the last triangle. 

2. If three forces acting upon a particle keep it at rest, shew that the 
forces are respectively in the ratio of the sines of the angles contained 
by the other two. 

A smooth circular ring is fixed in a horizontal position, and a small 
ring sliding upon it is in equilibrium when acted on by two strings in 
the direction of the chords PA, PB ; shew that, if PC be a diameter of 
the circle, the tensions of the strings are in the ratio of BC to AC. 

If A and B be fixed points, is the equilibrium stable ? 
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3. Define the centre of gravity of a system of heavy particles, and 
shew that in every case there exists one and only one such point. 

From this fact deduce the property that the lines joining the middle 
pointe of opposite sides of any quadrilateral bisect each other. 

4. Find the ratio of P to W in the single moveable pulley, when the 
strings are not parallel. 

If a weight W be supported by a weight P hanging over a fixed pulley, 
the strings being parallel, shew that, in whatever position they hang, the 
position of their centre of gravity is the same. 

5. Describe the construction and graduation of the common steelyard. 
Shew that, if a steelyard be constructed with a given rod, whose weight 

is inconsiderable compared with that of the sliding weight, the sensibility 
varies inversely as the sum of the sliding weight and the greatest weight 
which can be weighed. 

6. A rigid body, moveable round a fixed axis, is kepttfn equilibrium 
by two forces P and Q acting in a plane perpendicular to the axis ; shew 
that, if the body be twisted slightly round the axis, 

P x P*s velocity = Q x 0*8 velocity. 
Of what practical principle does this property furnish a proof in the 
particular case proposed? 

7. Describe one of the simple experiments which involve the principle 
of the second law of motion, and shew how the probability of the law 
may be inferred from it. 

8. What is meant by a unit, and what is usually taken as the unit 
of accelerating force? 

If the force of gravity be taken as the unit of force, and a rate of ten 
miles an hour as the unit of velocity, what must be the units of time 
and space? 

9. If a body be projected with the velocity u in the direction of a 
uniform force /, and v be the velocity, and s the space described, at the 
end of the time t, prove that 

, ~* * ^ A v - u 2* 
s = ut + i/r, and that — — = = t. 

The velocity of a body increases from ten to sixteen feet per second 
in passing over thirteen feet under the action of a constant force ; find 
the numerical value of the force* 

10. A body is projected in a given direction from the top of a tower, 
determine its path, and find where it will strike the ground. 

A plane is inclined at an angle of 45° to the horizon, and from the 
foot of it a body is projected upwards along the plane, and reaches the 
top with one fifth of its original velocity ; where will it strike the ground ? 

02 
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11. Two balls of given masses and given elasticity are moving with 
given velocities in the same direction ; determine their motion after impact 

Two balls are moving in the same straight line, one of them only being 
acted on by a force; if the force be constant and tend towards the ojjier 
ball, shew that the times which elapse between consecutive impacts decrease 
in geometrical progression. 

12. Prove that the time of falling in a straight line from the highest 
point of a vertical circle to any point in the circumference is less than to 
any point outside; and give a geometrical construction for the straight 
line of quickest descent to the circumference of a vertical circle from a 
given point within it 

Shew that the circumferences of two circles contain all points from 
which the time of quickest descent to a given vertical circle is the same. 

Wednesday, Jan. 4. lf-4. 

1. Find the pressure at any depth below the surface of a uniform 
heavy fluid. 

If there be n fluids arranged in strata of equal thickness, and the 
density of the uppermost be />, of the next 2/>, and so on, that of the last 
being np\ find the pressure at the lowest point of the n" 1 stratum, and 
thence prove that the pressure at any point within a fluid whose density 
varies as the depth is proportional to the square of the depth. 

2. What must be the unit of weight in order that the equation W= VS 
may hold, W being the weight of a homogeneous body whose volume is V 
cubic feet, and specific gravity 8 in tables in which the specific gravity 
of distilled water is 1. 

Find the specific gravity of a mixture of given volumes of known 
fluids. 

3. Prove that the pressure of a uniform heavy incompressible fluid 
on any surface is equal to the weight of a column of the fluid, the base 
of which is equal to the area of the surface, and altitude equal to the depth 
of the centre of gravity of the surface below the surface of the fluid. 

A cylindrical vessel is filled with equal masses of two incompressible 
fluids which do not mix ; supposing the -whole pressures on the upper 
and lower portions of the concave surface of the vessel to be equal, com- 
pare their densities. 

4. Prove that the resultant pressure of a fluid on the surface of a solid 
immersed in it is equal to the weight of the fluid displaced, and acts 
upwards in the vertical line through the centre of gravity of the fluid 
displaced. 

A rod of length a and density p is moveable freely about one end, which 
is fixed at a depth e below the surface of a fluid of density * ; prove that 
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the rod may remain at rest, when inclined to the vertical, provided that 

- > 1, and <-=. 
P <? 

Shew that such a position is one of stable equilibrium. 

6. Describe the experiment by which it is shewn that the pressure 
of air at a given temperature varies inversely as the space it occupies. 
State the law connecting pressure, density, and temperature, when all 
vary; and if Pypf v f>tfj> % <» PsP s t s , be three corresponding pressures, den- 
sities, and temperatures, shew that 

\p* pJ \p* pJ Vi pJ 

6. Describe the construction and action of Smeaton's Air-Pump. 
Supposing the upper valve of the barrel to open when the piston has 

gone half through one of its ascents, what was the density of the air in 
the receiver at the commencement of the ascent? 

7. State the laws of refraction to which rays of light are subject. What 
is the greatest apparent zenith distance which a star can have, as seen 
by an eye under water. 

8. A pencil of rays diverging from a point at a given distance from 
the centre, is incident directly on a concave spherical refracting surface, 
determine the distance of the geometrical focus of the refracted pencil 
from the centre. 

An eye is placed close to the surface of a sphere of glass (fi = f ), which 
is silvered at the back; shew that the image which the eye sees of itself 
is £ of the natural size. 

9. Find the position of the geometrical focus of a diverging pencil 
refracted through a plate of glass. 

A rod, inclined at any angle to a plate of glass, is seen by an 
eye on the opposite side of the plate ; shew that the length of the image 
of the rod formed by geometrical foci is equal to the length of the rod. 
Is the image, formed by the refraction at the first surface, of the same 
magnitude as either P 

10. Find the deviation of a ray of light refracted through a prism 
in a plane perpendicular to the edge. 

If rays in this plane are incident at one point of the prism in all di- 
rections, shew that, if the refracting angle be greater than sin -1 - , rays 

incident from that side of the normal which is towards the edge of the 
prism will not pass through, and examine what rays will pass through. 

1 1. Describe the construction of Newton's telescope, and find its magni- 
fying power. 
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Two convex lenses have a common axis and equal focal lengths, and 
their distance is two-thirds of the focal length of either; find a point on 
the axis from which rays must diverge, in order that, after refraction 
through both lenses, the emergent pencil may consist of parallel rays. 
Trace the course of such a pencil, 

12. Determine the angle subtended at the eye by the image of a short 
object seen through a concave lens, the axis of which passes through 
both the eye and the object. 

A short-sighted person moves his eye-glass gradually from his eye 
towards a small object: shew that the linear magnitude of the image 
will keep increasing during the motion, and that the angle subtended 
by the image at the eye will be least when the eye-glass has advanced 
half way towards the object 



Thursday, Jan. 5. 9.. .12. 

1. Explain what is meant by the limit of a varying quantity or ratio, 
and enunciate and prove Newton's first Lemma. 

Two triangles, CAB, CAB*, have a common angle A, and the sum 
of their sides about that angle the same in each; if CB, C'B? intersect 
in D, and B move up to B, then in the limit DC : DB :: AB : AC. 

2. Define the circle of curvature at any point of a curve. If PQ be 
an arc, and QR a subtense, the chord of the circle of curvature at P 
parallel to QR is equal to the limit of the third proportional to QR 
and PQ. Find the chord of curvature through the focus of an ellipse. 

EF is a chord of a given circle and 8 its middle point; construct 
the ellipse of which B is one point, 8 one focus, and the given circle 
the circle of curvature at B. 

3. Shew that, in an orbit described under the action of a force tending 
to a fixed point, the velocity at any point is inversely proportional to the 
perpendicular from the centre of force on the tangent at that point. 

A body is describing a parabola under the action of a force which 
always tends to the focus, and a straight line is drawn from the focus 
perpendicular to the tangent, and proportional to the velocity, at any point; 
shew that the extremity of this straight line will lie in a certain circle. 

4. Given the velocities and the directions of motion at any three 
points of an orbit described under the action of a central force, find the 
centre of force. 

If the velocities at the three points be respectively parallel and pro- 
portional to the opposite sides of the triangle of which they are the 
angular points, the centre of force is the centre of gravity of the triangle. 
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5. An ellipse is described under the action of a force tending to 
the focus ; find the law of force and the velocity at any point. 

If, without changing the velocity, the direction of motion of the body 
receive a very slight alteration, shew that the position of the major axis 
will be altered, unless the body be at one extremity of the latus rectum 
through the focus to which the force does not tend. 

6. Enumerate the principal steps which led Newton to conclude that 
the Moon is retained in her orbit by the force of gravity. 

Assuming that the Moon is retained in her orbit by the Earth's at- 
traction alone, and that, approximately, her orbit is circular, her period 
about the Earth 27 days, the accelerating effect of gravity at the Earth's 
surface 32 feet per second, and the Earth's radius 4000 miles, find the 
distance of the Moon from the Earth's centre. 

7. Define the terms Declination and Right Ascension. Account for 
the change of the Sun's declination in the course of a year, and discuss 
the consequent variations in the length of the day at a place between 
the pole and the arctic circle. 

8. Account for the Moon's rising at different times on two successive 
nights; at what places is it possible for the Moon to continue above 
the horizon for more than twenty-four hours ? 

If an observer be stationed on the Moon's surface at the point nearest 
the Earth, describe the principal phenomena relating to the Sun and 
Earth which he would observe in one of his days. What circumstances 
would lead him to the conclusion that the Earth's apparent orbit was 
inclined to the Sun's P 

9. Distinguish between a sidereal and a tropical year; and explain 
the Gregorian intercalation of a day in certain years, assuming the length 
of the tropical year to be 365.242218 days. 

10. Describe the Transit Instrument, and give a method of detecting an 
error of deviation. Will this method apply at places near the Equator ? 

11. Explain the aberration of light, and shew in what direction the 
error of aberration takes place. 

What limit is there to the position of a place in order that at some 
time in the day a star in the ecliptic may have its error of aberration 
in a vertical plane P 

12. Explain the method of determining the longitude by Moon cul- 
minating stars. 

What is the object of registering in the Nautical Almanac the time 
of passage of the Moon's semi-diameter across the Meridian ? 
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Thursday, Jan. 5. 1...4. 
PROBLEMS. 

1. ABB, ACE are two straight lines touching a circle in B and C, 
and, if BE be joined, BE is equal to BD and CE together; shew that 
BE touches the circle. 

2. O, A t B, C, are four points arranged in order in a straight line, so 
that OA, OB, OC, form an harmonic progression. Prove that, A and C 
being stationary, if O move towards A, B will also move towards A. 

$ — 1 

3. If a, 6, c, be positive integers, and a*, b", e* be in geometrical 

progression, shew that a**, If*, c**, are also in geometrical progression. 

4. If either of the two quantities 1 + 3 m , 1 + 3"** r , is a multiple of 10, 
prove that the other is also a multiple of 10, m and r being positive integers. 

5. Find the value of tana or tan/9 from the equations 

tan (a + /3) = tana cot/9 4 cot a tan/3, 
tan (a - /3) = tana cot/3 - cot a tan/3. 

6. U A + B + C=W>, shew that the least value of 

tan'A + tan'£ + tan»C 
is 1. 

7. Lines, drawn through Y y Z, at right angles to the major axis of 
an ellipse, cut the circles, of which SP, JSP are diameters, in J, J re- 
spectively. Prove that IS, JH> BC y produced indefinitely, intersect each 
other in a single point. 

8. From any point T, two tangents are drawn to a given ellipse, the 
points of contaot being Q, Q: CQ t CQ', QQ, CT, are joined; V is the 
intersection of QQ, CT. Prove that the area of the rectilinear triangle 
QCQ varies inversely as 

\TV) + \CV) # 

9. A piece of uniform wire is bent into three sides of a square ABCB, 
of which the side AB is wanting; shew that, if it be hung up by the 
two points A and B successively, the angle between the two positions 
of JBCis tan'ia 

10. A weight of given magnitude moves along the circumference of 
a circle, in which are fixed also two other weights : prove that the locus 
of the centre of gravity of the three weights is a circle. If the immoveable 
weights be varied in magnitude, their sum being constant, prove that 
the corresponding circular loci intercept equal portions of the chord join, 
ing the two immoveable weights. 

11. A ball of elasticity e is projected from a point in an inclined 
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plane, and, after once impinging upon the inclined plane, rebounds to its 
point of projection : prove that, a being the inclination of the inclined 
plane to the horizon, and /3 that of the direction of projection to the in- 
clined plane, cota . cot p = i + e . 

12. Two heavy bodies are projected from the same point at the same 
instant in the same direction, with different velocities; find the direction 
of the line joining them at any subsequent time. 

13. Three equal and perfectly elastic balls A, B, C move with equal 
velocities towards the same point, in directions equally inclined to each 
other; suppose first, that they impinge upon each other, at the same 
instant ; secondly, that B and C impinge on each other, and immediately 
afterwards simultaneously on A; and thirdly, that B and C impinge 
simultaneously on A just before touching each other ; and let V x V % V s be 
the velocities of A after impact on these suppositions respectively : shew that 

V % = \V„ and that F 8 = £F r 

14. CP, CD, are two conjugate semidiameters of an ellipse described 
by a body about a centre of force in the focus S: PP, DD, chords of 
the ellipse parallel to the major axis. Prove that, a, a', /3, ft, being the 
angular velocities of the body about 8 at P, P, Z>, &, respectively, 

- + r = a constant quantity. 

(aa')* (flfrj* 

15. Supposing the velocity of a body in a given elliptic orbit to be 
the same at a certain point, whether it describe the orbit in a time t about 
one focus, or in a time t about the other, prove that, 2a being the major 
axis, the focal distances of the point are equal to 

2aV 2at 

16. Three candles are placed in a room, and the two shorter being 
-lighted throw shadows of the third upon the ceiling $ if the directions of 
these shadows be produced, where will they meet? 

17. Within a reflecting circle on the same side of the centre are two 
parallel rays, one dividing the circumference into arcs which are as 3 to 1, 
the other dividing it into arcs which are as 8 to 1 ; find the least value 
of n such that, after each ray has suffered n reflections, they may be again 
parallel. 

18. One asymptote of an hyperbola lies in the surface of a fluid ; find 
the depth of the centre of pressure of the area included between the im- 
mersed asymptote, the curve, and two given horizontal lines in the plane 
of the hyperbola. 

19. A cone is totally immersed in a fluid, the depth of the centre of 
its base being given. Prove that, P, P', P", being the resultant pressures 
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on its convex surface, when the sines of the inclination of its axis to the 
horison are «, •, #", respectively, 

I* (• - O + P* (• - •) + P" (• - O = 0. 

20. Light emanating from a luminous circular disk, placed horizontally 
on the ceiling of a room, passes through a rectangular aperture in the 
floor: ascertain the form and area of the luminous patch on the floor of 
the room below. 

Shew that neither the shape nor the area of the patch will be affected by 
any movement of the disk along the ceiling. 

21. If c v c„ e v be the lengths of the meridian shadows of three equal 
vertical gnomons, on the same day, at three different places on the same 
meridian, prove that the latitudes \ v \ y X,, of the places are connected 
together by the equation 

*' tan(\,-\,) + C » # tanC^-X,) + *' tan^ -X.) ' 

Monday, Jan. 16. 9... 12. 

1. A system of rigid bodies is under the action of no forces but their 
weights, mutual reactions, tensions of inextensible strings, and pressures 
on smooth fixed surfaces; prove that if the height of the centre of gravity 
above a fixed horizontal plane be a maximum or a minimum, the system 
will be in equilibrium. 

Apply this principle to determine the position of equilibrium of two 
equal uniform rods, connected by a smooth hinge at one extremity, and 
resting symmetrically on two smooth pegs in the same horizontal line. 

2. Determine the necessary and sufficient conditions that a system of 
forces acting on a rigid body may have a single resultant. 

A portion of a curve surface of continuous curvature is cut off by a 
plane, and, at a point in each element of that portion, a force proportional * 
to the element is applied in the direction of the normal; shew that, if 
all the forces act inwards or all outwards, they will in the limit have a 
single resultant 

3. A particle under the action of any forces rests on a surface whose 
equation is given; determine the conditions of equilibrium, (1) when the 
surface is smooth, (2) when it is rough. 

Find the least coefficient of friction between a given elliptic cylinder 
and a particle, in order that, for all positions of the cylinder in which 
the axis is horizontal, the particle may be capable of resting at any point 
vertically over the axis. 

4. A heavy elastic string is suspended from one extremity, and stretched 
by its own weight; determine its length when it is at rest. 
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If a heavy elastic string rest upon the convex side of a smooth curve 
in a vertical plane, shew how to determine the tension at any point 

5. If a particle be moving in any path, straight or curved, and, at the 
time t, s be its distance measured along its path from a fixed point; shew 

that -^ is a measure of the accelerating force in the direction of motion. 

If the position of a particle moving in a plane be determined by the 
coordinates p and 0, p being measured from a fixed circle along a 
tangent which has revolved through an angle from a fixed tangent, 
investigate the following expressions for the components of the accele- 
rating force along and perpendicular to p respectively, (the latter being 
considered positive when it tends to increase 0): 

6. State the laws which regulate the magnitude and the direction 
of statical and of sliding friction. 

Two equal bodies lie on a rough horizontal table, and are connected 
by a string which passes through a fine ring on the table ; if the string 
be stretched, find the greatest velocity with which one of the bodies 
can be projected in a direction perpendicular to its portion of the string 
without moving the other body. 

7. Find the differential equation to the path of a particle subject to 
a force, which tends to a fixed centre, and is a function of the distance 
from that point. 

If there be several centres, the force towards each varying as the distance, 
and a number of particles be projected in different directions from the same 
point and with the same velocities, determine the curve which passes through 
the position of each particle at the instant when it has a given velocity. 

8. A heavy particle is suspended from a fixed point by a fine string; 
find the time of a small oscillation in a vertical plane. 

9. Having given the index of refraction between the two media A 
and B, and also between the two A and C, shew how to find that 
between B and C. 

The index of refraction (ji) in a medium varies from point to point, 
being a function of the distances x and y from two planes at right angles 
to each other; a ray traverses the medium in a plane perpendicular to 
these two planes; if log fi =/ (x, y), prove that the curvature of the path 
of the ray varies as dv dx 

10. State the law determining the elastic force of a mixture of given 
quantities of air and vapour. Define the Dew Point, and shew the im- 
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portance of its determination. Why is a cloudy night unfavourable to the 
deposition of dew? 

The barometer stands at 29*88 inches, and the thermometer is at the 
Dew Point; a barometer and a cup of water are placed under a receiver, 
from which the air is removed, and the barometer then stands at *36 of 
an inch: find the space which would be occupied by a given volume of 
the atmosphere, if it were deprived of its vapour without changing its 
pressure or temperature. 

11. Determine the condition that a curve surface, immersed in fluid, 
may have a centre of pressure; and shew how to find it, if this condition 
be satisfied. 

12. Describe the reading microscope of the mural circle. What are 
"Runs"? Shew that the effects of the eccentricity and irregular form 
of the pivot are eliminated by taking the sum of opposite Microscope- 
readings corrected for Runs. 

13. Determine the effect of precession on the declination of a given 
star : explain the advantage of using the constants A, B, C, D in applying 
the correction for aberration, precession, and nutation. 

14. What is the greatest value of the inclination of the Moon's orbit 
to the ecliptic, for which there would have been a lunar eclipse at every 
opposition P 

Find the lunar ecliptic limits; and determine whether there was or 
was not an eclipse of the Moon on the 31st of March 1847, from the 
following data, selected from the Nautical Almanac: 



1847. 


The Sun's 


The Moon's 


Semidiam. 


Longitude. 


Semidiam. 


Parallax. 


Longitude. 


Latitude. 


Mar. 31. Noon 

Midnight 

Apr. 1. Noon 


16T'.3 

ieT'.o 


10°9'18".3 

lW-ir.i 


14'44".3 
14'45 /, .8 


54' 5".0 
64'10".5 


i85°56'i6".2 

191°53'ir.3 


l°10'27".l 
0°37'55".6 











Apr. 1. Sun's parallax 8". 58, longitude of Moon's ascending node 
199° 26' .2. 

Monday, Jan. 16, 1J...4. 

1. If -*, —, -?... be the successive convergents of a continued 
?i 9* 9s 
fraction greater than unity, prove that 

M«w-jVifc. = (-iF- 

Shew that the difference between the l Bt and »** convergents is equal to 



1 



1 
ft?. 



1 
Mi 
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2. Prove that impossible roots enter rational algebraical equations by 
pairs. 

Shew that all the roots of the following equation are possible : 

AiL + AL-±-AL 4 + _4l.o1. 

x - a x x - a % x - <i 3 x - a n 

3. Give Cardan's method for the solution of a cubic equation. When 
is Cardan's method said to fail, and in what does the failure consist? 

Ifa + /J(V-l) be a root of the equation x 9 + qx + r = 0, prove that a 
is a root of the equation &x* + 2qx - r = 0. 

4. Apply Horner's method to determine to four places of decimals the 
root of the following equation which lies between 1 and 2 : 

x K - 2x* + 21* - 23 = 0. 

5. Prove that the series tana - £ tan 9 a + £ tan 5 a - ...ad inf. is equal to 
wr + a, where n is zero or such a positive or negative integer as will make 

nir + a lie between - and - - . 
2 2 

2 12 

Shew that, whatever positive integer m be, if = ^ ^— , -r - - - s 

is a very approximate solution of the equation tan# = 0. 

6. Investigate the condition of perpendicularity of two straight lines 
whose equations are 

Ax + By+ C=0, A'x\By* C" = 0. 

Shew that, if the axes be inclined at an angle w, the condition that 

the straight lines may be equally inclined to the axis of x in opposite 

directions, is J} jy 

— ■+ -r; = 2cosa>. 
A A 

If, besides being equally inclined to the axis of x, the straight lines 

pass through the origin and be perpendicular to one another, the equation 

of the straight lines is 

x 9 -\ 2xy eosw + y* cos2w = 0. 

7. Investigate the equations to the tangents at the extremities of two 
conjugate diameters of an ellipse whose equation is 

or o* 
the co-ordinates of the extremity of one of the diameters being given. 

In an ellipse SQ and HQ, drawn perpendicularly to a pair of conjugate 
diameters, intersect in Q ; prove that the locus of Q is a concentric ellipse. 

8. Shew that the locus of the poles of all tangents to a given circle, 
with respect to another fixed circle, is a conic section, whose directrix is 
the polar of the centre of the first circle. 
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Employ the method of reciprocal polars to shew that, if three ellipses 
have one common focus, and pairs of common tangents be drawn to the 
ellipses taken two together, the three points of intersection of these pairs 
of tangents lie in a straight line. 

9. Investigate the equation to a plane. Find the equation to a plane 
which passes through two parallel lines denoted by the equations 

x- a y -b t-e x -a* y -b' _z- d 
I tn u * I m n 

10. Investigate formulas for the transformation of co-ordinates in pass- 
ing from one system of three rectangular axes to another having the 
same origin. 

Shew that the equation of a surface yz + zz + xy = a* may be reduced 
to the form y* 4 z* 

* 2"~~ =!a, • 

11. If A, B, C, be extremities of the axes of an ellipsoid, and AC, BC 
be the principal sections containing the least axis, find the equations of 
the two cones whose vertices are A, B, and bases BC, AC respectively : 
shew that they have a common tangent plane, and a common parabolic 
section, the plane of the parabola and the tangent plane intersecting the 
ellipsoid in ellipses the area of one of which is double that of the other; 
and, if / be the latus rectum of the parabola, l v l % of the sections AC, BC, 
prove that 111 

12. Prove that, in a spherical triangle, 

cog a = cos 6 cose + sinft sine cos ^4, 
where b and c are each less than 90°; and extend it to the case where 
one of these sides is greater than 90°. 

Prove that, l£p, q,r be the lengths of arcs of great circles drawn from 
A, B, C perpendicularly to the opposite sides, 
sin a anp - sin b sin q = sine sinr = (1 - cos'a - cos*6 - cos*c + 2 cos a cos b cose)*. 

Tuesday, Jan. 17. 9.. .12 
PROBLEMS. 

m 
1. If C denote generally the number of combinations of m things 8 
* 
m 
together and C be taken to denote unity for all values of m ; prove that, if 
o 

r n r-ln-l r-2n-2 r-S n-3 ln-r+1 n-r 

S=l. C+2. C + 3. C+4. C + r.C + C, 

r r r-1 r-2 r-S 1 

then S+S+S+S+... + S*l\2 + 3% ... + (n - If + n % f (» + 1) 1 . 
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2. Straight lines Aa, Bfi, Oy, are drawn from the angular points 
A, B, C, of a triangle to bisect the opposite sides in a, /?, <y, O being the 
point of intersection of the three lines. If the radii of the circles inscribed 
in the triangles BOa, COa; CO ft, AOfi; AO(, BOy; be represented by 
a fi , a 7 ; b v b a ; c a , c fi ; respectively; prove that 

1 1 1 1 1 1 A 

"ft «7 b y K C a C fi 

3. P is a point in a branch of an hyperbola, i* a point in a branch 
of its conjugate, CP, CP, being conjugate semi-diameters. If &, &', be 
the interior foci of the two branches, prove that 

S'F-SP = AC-BC. 

4. On any chord of a parabola as diameter is described a circle cutting 
the parabola again in two points; if these points be joined, shew that the 
portion of the axis of the parabola included between the two chords is 
equal to its latus rectum. 

5. If r=/(0) and y=/f-J be the equations to two curves, f(0) being 

a function which vanishes for the values X 6 % and is positive for all values 
between these limits, and if A be the area of the former between the limits 

6 = V = e v 
and M be the arithmetic mean of all transverse sections of the solid 
generated by the revolution, about the axis of x, of the portion of the 
latter curve between the limits x - a0 v x - a0 % ; shew that 

6. A brick is divided by a plane, passing through one corner, and 
making an angle of 45° with the length of the brick; find the position 
of this plane in which the two parts are the most nearly equal. 

7. If r, r', be the radii of curvature of an involute and evolute at 
corresponding points (x, y\ (x 1 , t/)> prove that 

rdtf ± rtfy = 0, rdy'?r f dx = Q; 

and shew that, the involute being an ellipse of which the semi-axes are 

a, 6, the greatest value of - is equal to 



8. Trace the curve whose equation is 

x*-c A 



l[b a)' 
a 



x(x-a) 9 
first supposing a to be less than c, then equal, then greater; and shew 
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how the three forms of the curve pass into each other, when the value 
of a is supposed to increase gradually through the value c. 

9. SPHQ is a quadrilateral, P and Q being points in an ellipse of 
which S and H are the foci; if Q be fixed while P moves, find the locus 
of the centre of gravity of the perimeter of the quadrilateral. 

10. From an external point P two tangents are drawn to an ellipse 

-j 4 ^ = 1. Supposing the locus of the centre of gaavity of the triangle, 

included between the two tangents and the chord of contact, to be an 

ellipse — j + ",-j = 1, find the equation to the locus of P. 
a i *i 
What must be the relation between a, b, a v b v in order that the locus 
of P may be an ellipse ? 

11. The radii vectores of any series of points in the path of a particle, 
moving about a centre of force, being in arithmetical progression, the times 
of arriving at these points, reckoned from a given epoch, form another 
arithmetical progression. Find the equation to the path. 

12. In any machine in which two weights P and W are suspended by 
strings and balance each other in all positions, let P be replaced by a 
weight Q equal to pP ; if in the ensuing motion W and Q move vertically, 
find the tensions of these strings, neglecting the friction of the machine 
and the masses of its several parts. 

13. There are generally two directions in which a projectile may be 
projected with given velocity from a point A, so as to pass through another 
point B\ shew that one of these directions is inclined to the vertical at 
the same angle that the other is inclined to the line AB. Hence shew 
that the locus of points, for which a given sight must be used in firing 
with a given charge of powder, is the surface generated by the revolution, 
about the vertical, of the path of the bullet obtained by aiming at the 
zenith with the given sight, and with the given charge of powder. 

14. A prism whose base is a given regular polygon is surmounted by 
a regular pyramid whose base coincides with the head of the prism j find 
the inclination of the faces of the pyramid to its axis in order that the 
whole solid may contain a given volume with the least possible surface. 

15. An ellipsoid is intersected in the same curve by a variable sphere, 
and a variable cylinder: the cylinder is always parallel to the least axis 
of the ellipsoid, and the centre of the sphere is always at one focus of a 
principal section containing this axis. Prove that the axis of the cylinder 
is invariable in position, and that the area of its transverse section varies 
as the surface of the sphere. 

16. An elastic tube of circular bore is placed within a rigid tube of 
square bore which it exactly fits in its unstretched state, the tubes being 
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of indefinite length ; if there be no air between the tubes and air of any 
pressure be forced into the elastic tube, shew that this pressure is propor- 
tional to the ratio of the part of the elastic tube that is in contact with 
the rigid tube, to the part that is curved. 

17. OA, OB, are any equal arcs of two given great circles of a sphere, 
intersecting in O. A and B are joined by an arc of a great circle, and 
also by an arc of a small one described about O. Find the area of the 
lune included between the two joining arcs. 

If OA = X and A OB = 2*>, prove that the lune is greatest when 

, x tan<o - a) 
008 X=3 *tan«a> ' 

18. The ridges of two roofs are at right angles to each other, and the 
inclination of each roof to the horizon is $ the shadow of a chimney falling 
upon them makes angles a and /J with their ridges ; shew that 

cos'0 = cot a cot p. 

19. The hour angles of two stars being «, «', and the azimuths a and a', 
when a * a' has for a moment a stationary value ; prove that the latitude 
X of the place of observation is given by the formula 

sin 2a . cote - sin 2a' . cote' 



sinX« 



cos 2a - C082a' 



20. A thin hollow ring, of which the plane is vertical, and which con- 
tains a bead, is placed upon a smooth horizontal plane: prove that the 
bead, having been placed near the lowest point of the ring, will oscillate 
isochronously with a perfect pendulum the length of which is equal to 

m + fi' 
a being the radius of the ring, fi its mass, and m the mass of the bead. 

21. A uniform rod, not acted on by any forces, is in motion, its ends 
being constrained to slide along two fixed rods at right angles to each 
other in one plane. Prove that, during the whole motion, the wrenching 
force at any point of the moving rod varies as the product of the distances 
of the point from the two fixed rods. 

Tuesday, Jan. 17. 1J...4. 

1. Explain the formation of focal lines in the reflection or refraction 
of a small oblique pencil. 

A small pencil of diverging rays is incident on a prism at a given dis- 
tance from the edge, the axis of the pencil being perpendicular to the 
edge; find the positions of the primary and secondary foci. 
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If the given distance be small, and the axis be incident at such an 
angle as to pass through the prism with minimum deviation, shew that 
the primary and secondary foci nearly coincide, and thence explain the 
necessity of certain precautions in order to obtain a pure spectrum in 
the decomposition of light by a prism. 

2. What is meant by a secondary spectrum ? A compound objectrglass 
is to be formed of two lenses in contact; shew that, if, when the lenses 
are ground, achromatism is nearly but not quite secured, the defect may 
be remedied by slightly separating the lenses. 

The refractive indices, corresponding to the letters D and F in the 
orange and blue, for certain kinds of crown and flint glass, are 

Crown glass 1.5279, 1.5344, 

Flint glass 1.6351, 1.6481; 

twenty inches is to be the focal length of the proposed object-glass; 
find the focal lengths of the two lenses which, placed in contact, unite 
these lines. 

3. Investigate a formula for calculating the first two tables in the 
Nautical Almanac by which the latitude is determined from observations 
of the Pole Star out of the Meridian. 

What is the nature of the correction contained in the third table ? 

4. Determine the motion of a planet in geocentric longitude, and 
shew that all planets will sometimes appear stationary to an observer on 
the Earth. 

If m be the ratio of the radius of the Earth's orbit to that of an inferior 
planet, n the ratio of their motions in longitude considered uniform, shew 
that the elongation of the planet as seen from the Earth, when the planet 
appears stationary, is equal to 

5. Determine the motion of a particle acted on by given forces and 
constrained to remain on a given surface. 

A particle is in motion on the surface whose equation is z = </> (x, y), 
and is acted on by a constant accelerating force / parallel to the axis of a; 
if v be the velocity of the particle and its path be always perpendicular to 
the direction of the force, shew that, at any point of its path, 



* 



{(£)'* (S)T 



/ <Tz /dz\? d*z dz dz d?z /<fe\* * 

dz* \dy) dxdy dx dy dy* \dx) 

6. Investigate the general equations of fluid motion; and deduce 
from them the differential equation of the surfaces of equal pressure, when 
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a heavy elastic fluid is contained in a closed vessel, rotating with unform 
angular velocity about a vertical axis, and is at rest relatively to the vessel. 

How is the constant to be determined in integrating for the pressure at 
any given point ? 

7. Explain the effect of the Sun's disturbing force upon the position of 
the line of nodes of the Moon's orbit, when the line of nodes is in quad- 
ratures; and shew that the horary motion of the line of nodes is to that 
of the Moon as 

- 3m 8 cos<0 - m9) sin(0 - N) sin(m0 - iV T ) 5 1, 

N being the longitude of the node, 9 that of the Moon, and mO that of 
the Sun. 

8. Define the principal axes of a rigid body, end shew that for every 
point in space there exists a system of such axes. 

Shew that in general there is only one point for which the principal 
axes are parallel to those drawn through a given point; but that, if the 
given point be in one of the principal planes through the centre of gravity, 
there is an infinite number of such points lying in en hyperbola which 
passes through the given point* 

9. The equation for the projection of the Mooa's radius vector on 
the ecliptic is 

dP* n ~h*u 9 TM dO U^^/jAV 
. P fi /, 3s*\ , /mV /a\ 8 1 + 3 cos 2 (0 - &) 

calculate that part of evection in the value of which is due to the radial 
force only. 

Explain this term in connexion with the elliptic inequality, 

2e sin(tgrf - a) + — sin 2 (cpt - a). 



Wednesday, Jan. 18. 9J...12*. 
PROBLEMS. 

1. There are n points in space, of which p are in one plane, and there 
is no other plane which contains more than three of thetn; how many 
planes are there, each of which contains three of the points? 

2. A bag contains nine coins, five are sovereigns, the other four are 
equal to each other in value; find what this value must be, in order that 
the expectation of receiving two coins at random out of the bag may be 
worth twenty-four shillings. 

P2 
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3. Haying given that «, v, and s are functions of the independent 
variables x and y, and that one of the equations for determining them is 

-7=c-; transform this equation into one in which x and z shall be 

the independent variables. 

x t/ 

4. Trace the curves whose equations are tan* - + tan* - = 1 ; and 

*y (y - *)* - «y" « «*. 

6. Find the value of I tan" ! {m V(l - tan*x)}dx; and shew either from 
your result, or from the area of the former of the two curves proposed in 

the preceding question, that J tan' 1 V(l - tan**)*** is equal to *17 nearly. 
•/ • 

6. Determine the form of the function /{$) from the equation 

/(20) = cos0/(0); 
with the condition /(0) = m. 

Apply the result to find the centre of gravity of a oircular arc. 

7. A rod is marked at random at two points, and then divided into 
three parts at those points ; shew that the probability of its being possible 
to form a triangle with the pieces is J. 

Again : a piece is cut off the end of a rod, and the remainder is cut into 
two pieces at random; shew that the probability of its being possible to 
form a triangle with the pieces is in this case log* 2 - £. 

8. One helix rolls upon another, (the inclination of the curve to the 
axis being the same in both,) in such a way that the osculating planes of 
the two curves at the point of contact coincide, find the curve traced out 
by a point in the rolling curve. 

9. A, B 9 C are three fixed points, and P a point which moves first 
half way to A, then half way to JB, then half way to C, then half way to 
A again, and so on for ever; shew that from whatever position P start, 
its path approximates to the perimeter of a certain triangle whose area is 
one-seventh of the area of the triangle ABC. 

10. A string has a heavy particle at one end, and a small smooth ring 
at the other; a loop, formed by passing the particle through the ring, 
surrounds a fixed rough horizontal cylinder, the string being in one plane 
perpendicular to the axis : find the limiting positions of equilibrium ; and 
shew that in every position of equilibrium the three angles at the ring 

will be all obtuse unless the coefficient of friction exceed — m °* ' . 

7w 
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11. Two parallel vertical walls are one smooth and the other rough, 
and between them is supported a hemisphere with its curved surface in 
contact with the smooth wall, and a point in its rim in contact with the 
rough wall; find the pressures on the walls, and the least coefficient of 
friction consistent with equilibrium. 

12. A body moves under the action of a force whose direction always 
touches a given plane curve, shew that, so long as the curvature is con- 
tinuous, the areas, which it sweeps out about the moving point of contact, 
are not proportional to the times. 

13. A body describes a cycloid under the action of a force, which in 
every position of the body is directed towards the centre of the corre- 
sponding generating circle ; find the law of the force and of the motion 
of the centre of force. 

14. A surface of the second order circumscribes a tetrahedron, and each 
face of the tetrahedron is parallel to the tangent plane at the opposite 
angular point; shew that the centre of the surface coincides with the 
centre of gravity of the tetrahedron. 

1 5. A horizontal cylinder revolves with uniform velocity about its axis, 
and an endless chain, passing round it, revolves with it in such a manner 
that the form of the chain in space is always the same; shew that the form 
of the curve is independent of the velocity. 

16. An inclined plane is fixed on a table, and from the foot of it a 
body is projected upwards along the plane with the velocity due to the 
height A; after passing over the top of the plane the body strikes the 
table at a distance z from the foot of the plane ; shew that, if the length 
of the plane be /, and a its inclination to the horizon be less than J*-, the 

greatest value of % for given values of h and a is -; , and corre- 

° +9 smacoso 

sponds to the value / = 2A . 

r COS a 

17. A slender ring, moveable in a vertical plane, has a fixed rough 
cylinder passing through it, the axis of the cylinder being perpendicular 
to the plane of the ring; the ring whirls round in its own plane so as 
always to be in contact with the cylinder, and to roll on it without sliding : 
if V l V % be the velocities of the centre of the ring when in its highest and 
lowest positions respectively, and if P be the point of contact, O the centre 
of the ring, when the tendency to slide is greatest, and OA a vertical 
drawn downwards through O, shew that 



cosPO^-2^^,. 
Explain the result when V* > 3 F x \ 
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18. A cylindrical vessel is moveable about a horizontal axis passing 
through its centre of gravity, and is placed so as to have its axis vertical; 
if water be poured in, shew that the equilibrium is at first unstable; and 
find the condition which must be satisfied, in order that it may be possible 
to make the equilibrium stable by pouring in enough water. 

19. Given the directions of three plane mirrors in space, construct a 
straight line, such that, if light from it be reflected by the three mirrors 
in succession, the third image shall be parallel to the straight line. 

20. Shew that, in latitude 60°, on the 21st of March, the setting sun 
is visible for about 69 seconds longer from the top than from the bottom 
of a tower 66 feet high, taking the earth's radius 4000 miles and neglecting 
the effect of refraction. 

21. Shew how to determine graphically the path of the centre of 
graduation of a mural circle, by observing the differences between the 
readings of any three microscopes, (severally corrected for runs,) for 
various positions of the instrument. 

Wednesday, Jan. 18, H...4. 

1. Prove Leibnitz* Theorem, 

d n (uv) <Tv dud^v n(n-l) d*u d*+v d?u 

dx* U dx n *" dx da» x * ~T2~~~ da* dx H * + + dx» V ' 

K ^3? + *£ + ysa0 ' 8heW that 

-■3 + C* + i>.S*(' + i>2-a 

2. If y be a function of x, and x, y be given functions of r and 0, shew 

dy <Py 
how to transform an expression involving x, y, ■— , ■— into one 

. . dr d'r 
involving r,0, -, w 




If x = r cos0, y = r sin0, shew that . =--£». 

* dy r dO 



3. If f{x) be a continuous function of x, shew that, when x increases, 
f(x) increases or diminishes according as f(x) is positive or negative; 
deduce tests which are sufficient for distinguishing between the maximum 
and minimum values of f(x\ supposing them to exist for certain values 
of x. 

Find the least triangle which can be described about a given ellipse, 
having a side parallel to the major axis. 
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4. If ar* f{y) contain all the terms involving the highest power of x 
in the rationalized equation of a curve, shew that f(y) = is the equation 
of all the asymptotes parallel to the axis of x. 

If the equation, arranged in the form of a series of homogeneous functions 

of descending order, be #"/(-) + a^ r 0(^) + ... = 0, and f{z) = have 

two equal roots different from zero, each equal to a; shew that if r = 1, 
there is a parabolic asymptote whose equation is 

, x, -20(a) 

(V - axr = x — : 

and, if r = 2, there are two parallel rectilinear asymptotes whose equa- 
tions are 



y = ax± 



17 






5. If r, 6 be co-ordinates of a point in a plane curve, and the angle 
between the radius-vector and tangent at that point, prove that 

, dr , . , dO 

cos© = -r- , and sm0 = r — . 
ds ds 

S and H are two fixed points, and a curve is described such that, if P 
be a point in it, the rectangle contained by SP and HP is constant; shew 
that the straight lines drawn from 8 at right angles to SP and from H 
at right angles to HP meet the tangent at P in points equidistant from P. 

6. Trace the curve whose equation is 

- = 1 - tan0. 

r 

7. Find the values of the following integrals, 

8. State between what limits the summation of dxdydz should be 
performed, in order to obtain the volume contained between the conical 
surface whose equation is x % + y % = (a - zf and the planes whose equations 
are x = 2, and x = 0; and find the volume by this or any other method. 

9. Give a geometrical interpretation of the singular solution of a dif- 
ferential equation. 

Investigate the singular solution of the equation 



*■©•-«**♦*■-<>-* 



and shew that it is the envelope of a series of circles described on the 
subnormal of a rectangular hyperbola as diameter. 
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10. Shew that the differential equation of all surfaces which are 
generated by a circle, whoee plane is parallel to the plane of yz, and 
which passes through the axis of x and through two curves respectively 
in the planes of a* and sy, is 

(** + «•)*+ 2 (s-yg)(l+5») = 0. 

11. Find the general functional equation to surfaces generated by the 
motion of a straight line which always intersects and is perpendicular to 
a given straight line. 

If the surface, whose equation referred to rectangular co-ordinates, is 
ox" + 6y» + «" + latyz + Wzx + Idxy + 2aTx + Wy + 2c"z f 1 = 0, 
be capable of generation in this manner, shew that 

a + o + c«*0, aa*+bV + cc? = letbd + abe. 



Thursday, Jan. 19. 9.. .12. 
PROBLEMS. 

1. Two circles of radii r, r', touch a straight line at the same point 
on opposite sides: a circle, of which the radius is JR and of which the 
straight line is a chord, touches both the former circles. Prove that the 
length of the chord is equal to 

4R 



6H3 



2. Prove that, n being any positive integer, and e the base of Napier's 
logarithms, 

tr> 1.2.3 n 

3. From a focus 8 of a conic section ARQPA three radii vectores SR, 
80, SP f are drawn, the angles PSQ, Q8R, being invariable. Prove that 
the tangent at P intersects the chord JRQ in a point of which the locus 
is another conic section. 

Supposing e to be the eccentricity of the original conic section and e' 
of the conical locus, shew that, if Z.JRSQ = 2a, and L QSP = 0, 




4. Tangents PP* 9 PP", are drawn from a point P to touch the ellipse 

* y" , 
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at points P', P". Supposing the harmonic mean between the absciss© of 
the points P*, P", to be equal to that between their ordinates, shew that 
the locus of P consists of four arcs of a curve of the third order. 

Trace the curve and shew that, when a = b, the curve degenerates into 
a straight line and an ellipse. 

6. The distances of the successive angular points of a plane polygon 
from a given point O within its area are given. Supposing the polygonal 
area to be the greatest possible, prove that, C r . v C^ C r+1 , being any three 
consecutive angular points, no two of which are in a line with O, Hie line 
^r-i ^r+i w perpendicular to the distance OC r . 

6. A rectangular column is formed by placing a number of smooth 
cubical blocks one above another, the base of the column resting upon a 
horizontal plane. All the blocks above the lowest are then twisted in the 
same direction about an edge of the column, first the highest, then the 
two highest, and so on, in each case as far as is consistent with equilibrium. 
Prove that the sum of the sines of the inclinations of a diagonal of the 
base of any block to the like diagonals of the bases of all the blocks above 
it is equal to the sum of the cosines. 

7. A uniform chain of length I hangs over two fixed points, which are 
in a horizontal line : from its middle point is suspended by one end another 
chain of equal thickness and of length /'. Supposing each of the two 
tangents of the former chain at its middle point to make an angle with 
the vertical, find the distance between the two fixed points. 

Shew that the value of 9 can never exceed that given by the equation 

tan 2 = TTf 

8. If — j — ^5 + , y t = 1, and if, for any assigned values of x and y, 
the expression 4 f x* y* \ 

has only one value, prove that 

aV + &y = 4(a•-y)•. 

9. A great circle of a sphere intersects two given great circles, drawn 
through a point O, in points A, B> such that the product of tanCL4, 
tan OB, is invariable. If P be the intersection of this circle with the 
consecutive one of the series of circles described according to the same 
law, prove that cot f OP a sinPO^ . sinPO-B. 

10. Investigate an equation for the form of the floats in the paddle 
wheels of a steam vessel in order that they may enter the water without 
splashing. 
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If u s hw y where u = the velocity of the vessel, w = the angular velocity 
of the wheels, and h = the height of the centres of the wheels above the 
water, shew that the floats of each wheel must have the forms of arcs 
of involutes of a concentric circle touching the water level. 

11. A hollow vertical polygonal prism, open at both ends, rests upon 
a horizontal plane. Every two contiguous faces are moveable about their 
common edge. Supposing the prism to be in equilibrium, when filled 
with fluid, prove that 

c i _ g t = c s _. 
sin a, sina, sina» ""' 

a v a„ a„ ... being the angles of a transverse section A l A a A s ...A n A v and 
c X t c v Cp ... denoting the lines A„A V <A X A V A % A ... 

Hence shew that there will be equilibrium when the points A v A v A#... 
lie all in the circumference of a circle. 

12. A filament of fluid oscillates in a thin cycloids! tube of uniform 
bore the axis of the cycloid being vertical and its vertex downwards. 
Supposing the filament to be placed initially with its lower end at the 
lowest point of the tube, find the pressure at any point of the filament at 
any time. 

Shew that the pressure is a maximum, during the whole motion, at the 
middle point of the filament. 

13. A ray experiences a series of reflections between two plane in- 
clined mirrors. Prove that all the segments of the ray, produced in- 
definitely, are tangents to every one of an infinite series of spheres. 

14. A narrow self-luminous rectangular lamina is placed with one end 
at the edge of a circular plate : the lamina is at right angles to the plate 
and its plane passes through the centre of the plate: find the whole 
illumination on the plate. 

If the length of the lamina be equal to the diameter of the plate, its 
intrinsic brightness and breadth being given, prove that the illumination 
varies as the diameter of the plate. 

15. Prove that an infinite number of plane centric sections of an hyper- 
boloid of one sheet may be drawn, each possessing the following property, 
viz. that the normals to the surface at the curve of section all pass through 
two straight lines lying in the same plane with the two possible axes. 

Shew that these centric planes envelope the asymptotic cone, while the 
two straight lines envelope an ellipse. 

16. Prove that the envelope of a sphere, of which any one of one 
series of circular sections of an ellipsoid is a diametral plane, is a spheroid 
touching a sphere, described on the mean axis of the ellipsoid as diameter, 
in a plane perpendicular to any one of the same series of circular 
sections. 
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17. The Sun's centre, in proceeding from Aries to the Summer Solstice, 
passes, when at a distance <j> from the Solstice, through the zenith of a cer- 
tain place. Prove that, supposing the Earth's orbit circular and the plane of 
the equator invariable in position, it will not again pass exactly through the 
zenith of this place in moving from the Solstice to Libra, unless 

tann0 

- — -r = secw, 

tan0 

n denoting the ratio of the Earth's angular velocity about its axis to its 
angular velocity about the Sun. 

18. Deternime u x t from the equation 

^*~v = *X,,' 

where A affects x only; and, having given the expressions for u m0 , -r- w*, , 

shew how to determine the values of the arbitrary functions which appear 
in the result. 

If t*^ = ax + b and — w x , = aV, shew from your formulas that 

a', r, /*, being constant quantities. 

19. Determine the differential equation to a family of curves which 
possess the following property: if we take in one of the curves any 
three points P, P 7 , P", so related that O, C", the centres of curvature at 
P / , P", lie respectively in the ordinates PM, PM\ produced if necessary, 
the ratio of MM 1 to MM shall be invariable. 

Shew from your result that the elastica, the equation to which is 
, x*dx 

is an individual of the family. 

20. A small heavy insect, placed at an end of the horizontal diameter 
of a thin heavy motionless ring, which is moveable about its centre in 
a vertical plane, starts off to crawl round the ring so as to describe in 
space equal angles in equal times about its centre. Determine its 
velocity relatively to the ring in any position. 

21. A series of perfectly rough semicylinders are fixed, side by side, 
upon their flat faces directly across a straight road of constant inclination. 
Determine the inclination of the road in order that a rough circular inelastic 
hoop, just started downwards from the summit of one of the cylindrical 
ridges, may travel directly along the road with a uniform mean velocity. 

22. A brittle rod AB, attached to smooth fixed hinges at A and 2?, 
is attracted towards a centre of force C acording to the law of nature. 
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Supposing the absolute force to be indefinitely augmented, prove that 
the rod will eventually snap at a point 27, the position of which is defined 
by the equation 

. «-/3 

sin — 

co% L A EC = 2 /> , 

sin — 

where a, p, denote the angles BAC, ABC, respectively. 

23. A vessel, of given capacity, in the form of a surface of revolution 
with two circular ends, is just filled with inelastic fluid which revolves 
about the axis of the vessel, and is supposed to be free from the action 
of gravity: investigate the form of the vessel that the whole pressure 
which the fluid exerts upon it may be the least possible, the magnitudes 
of the circular ends being given. 

Shew that, for a certain relation between the radii of the circular ends, 
the generating curve of the surface of revolution is the common catenary. 

24. If a, p 9 7, be the direction-cosines of one of the two lines of 
vibration of the plane front of a wave in a biaxal crystal, and a', ft, </, 
those of either of the two lines of vibration of a plane front intersecting 
the former plane front at right angles and passing through the line 
(<*» & 7)» prove that 

aa pp 77 

Thursday, Jan. 19. 1J...4. 

1. If a and b be two numbers prime to each other, shew that, when 
a, 2a, 3a, ... (6-l)a are divided by b, the remainders are all different 
from each other; and shew that there is an infinite number of positive 
integral solutions of the equation ax -by = c, when a and b are prime 
to each other, and e is a whole number. 

Shew that, if m and n are prime to each other, the equations «"• - 1 = 
and ** - 1 = have no common root but unity. 

2. Shew that the area of a spherical triangle varies as the excess of the 
sum of its angles above two right angles ; and prove Llhuillier's theorem, 

A E IL * * *~ a * * - * * 8-c\ 

tan — = * / 1 tan - tan tan tan — 1 . 

4 V\ 2 2 2 2 / 

3. If straight lines, represented by u t = 0, u % = 0, t* s = 0, w 4 = 0, taken 
in ordev, form a quadrilateral, and a, b % e, d, be such that au^bu^cu^du^ 
vanishes for all values of x and t/, shew that the curve of the second order, 
represented by the equation \UjU t + fiu t u t = 0, circumscribes the quadri- 
lateral, and that X&tt, = fiau^ represents a tangent to the curve. 
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4. The variable parameter in an equation u = to a family of curves 
being represented by a, prove that, if there be a cusp in their envelope, 
its coordinates will satisfy the three equations 

A du _ cF u „ 

Apply this theorem to find the cusps of the curve which envelopes 
the family of lines represented by the equation 

x y 

+ -?— = c. 

cos a SHi a 

5. Integrate the differential equation 

dx* x dx a* 
Obtain a general expression for y{t(x) from the equation 
^(*) + ^(l -*) = <?. 

6. A lamina, in the form of a semi-ellipse bounded by the axis minor, 
is moveable about the centre as a fixed point, and falls from the position 
in which its plane is horizontal; find the pressure on the fixed point 
for any position of the lamina, and determine the impulse which must 
be applied at the centre of gravity, when the lamina is vertical, in order 
to reduce it to rest 

If this force be applied perpendicularly to the lamina at the extremity of 
an ordinate through the centre of gravity, instead of being applied at the 
centre of gravity itself, about what axis will the lamina begin to revolve ? 

7. Enunciate and prove the principle of Vis Viva, shewing that it will 
not be true unless the expression 

2m(Xdx+Ydy + Zdz) 
is a perfect differential or zero. 

Describe the nature of those forces which disappear from this expression, 
and of those which render it a perfect differential. What kind of forces 
would render it not a perfect differential? 

A thin uniform smooth tube is balancing horizontally about its middle 
point, which is fixed; a uniform rod, such as just to fit the- bore of the 
tube, is placed end to end in a line with the tube, and then shot into 
it with such a horizontal velocity that its middle point shall only just 
reach that of the tube : supposing the velocity of projection to be known, 
find the angular velocity of the tube and rod at the moment of the 
coincidence of their middle points. 

8. Investigate the differential equation for the Moon's latitude. 

What are the points which require particular attention in obtaining 
approximately the Moon's latitude in terms of her longitude ? 
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9. Prove that, in the planetary theory, 

dR^dR dR 
d$ </«r f dt' 
For what purpose is this transformation made ? 

10. In the shutter of a dark chamber there is a small rectangular 
aperture, covered symmetrically by a convex lens; homogeneous light 
diverges upon the lens from such an external point in its axis that after 
refraction its geometrical focus lies in the opposite wall of the chamber ; 
investigate the character of the bands formed on the wall in the neigh- 
bourhood of the geometrical focus. 

State the dynamical principle in virtue of which you are at liberty to 
adopt the method of summation, as employed in this and similar problems. 

Friday, Jan. 20. 9... 12. 

1. The position of a point in space being determined by the polar 
coordinates r'tf^, where & is the angle through which r' has revolved, 
from a fixed line Os, in a plane which has revolved through an angle 0' 
from a fixed plane zOx; shew that the equation to the tangent plane at 
a point r#0 of a surface is 

** °* r t • * a • zv a iA. a/.ii sinfl' sin(0-0') dr 

~ = 3S C r ( 8m cosfl'-sinfl' cos0 cos(0-0')}] + ■ . \T -n . 

r' d$ L l vir ^ /,J sm0 d(j> 



2. If x be an integer, shew that 



2~'2?„ l _ 1 ,r" 



*U l J\ w equal to — ->*l , 
i \^j » *4 « 1.2.3... 2m ' 

B tli _ x being the n** of Bernoulli's numbers. 

Shew, by Bernoulli's numbers or otherwise, that 

1" 2* 3" . . . 2tt 
, ad inf. = - : 



1* + 1 2* + 1 3 f + 1 

3. Define the terms convergent and divergent when applied to a series 
of quantities real or imaginary. 

Investigate a rule which is ordinarily sufficient to ascertain whether 
a series is or is not convergent. 

Are the following series convergent? 

3 5.7,9. 2n+l. 

2* + 5l017 + ~n J 7T + ""• re X 1S ; 
1 + * cos a + «* cos 2a + &c, where * is real or imaginary. 

4. If f(x) be finite for all values of x between I and -I, prove that, 
whatever be the form of the function, the following equation holds for 
all values of x included between these limits, 
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and deduce the formula, 

fix) - i Cda | r dx cos{a(s - x')} f(af)\ . 

5. What is meant by the potential of an attracting mass with respect 
to any point ? If V be the potential with respect to a point whose co- 
ordinates are a, b, c, shew that 

d*V d*V d % V A 

according as the point is extraneous, or forms part of the attracting mass, 
p in the latter case being the density of the mass at the point a, b, c. 

A uniform circular lamina attracts a point situated in a line drawn 
perpendicularly to it through its centre; shew that 

a being the radius of the lamina, and x the distance of the point from it ; 
and deduce the resultant attraction exerted by the lamina upon the point. 

6. In the Planetary Theory, when the disturbing function is developed 
preparatory to the determination of the perturbations in longitude and 
radius vector, shew that p ~> q is the order of the principal term in which 
pn - qri is the coefficient of t ; assuming that this law holds for u, u' y and 
for powers and products of powers of u and u\ 

What terms must be reserved for examination as likely to be of im- 
portance ? 

7. Solve the differential equation for the vibratory motion of the air 
contained in an indefinite cylindrical tube; and shew that when such 
motion is produced by a vibrating plate placed at one end of a finite tube, 
of which the other end is open, if the period of vibration have a certain 
relation to the length of the tube, it is possible for the character of the 
vibrations to remain permanently the same. 

If such a tube be sounding its fundamental note, what would be the 
effect of making a small aperture in the side of the tube, first at its 
middle point, secondly a little nearer to the open end? 

8. Find the difference of retardation of the two waves produced by 
a thin lamina cut from a uniaxal crystal perpendicular to its axis, when 
a ray of common light is incident nearly parallel to the axis : describe the 
rings produced by interposing such a lamina between a polarizing and 
an analyzing plate, the planes of incidence at the two plates being inclined 
at an angle of 45° to each other. 

If two such lamince, one cut from a positive and the other from a 
negative uniaxal crystal, be placed together and interposed, what must 
be the ratio of their thicknesses in order that neither rings nor brushes 
may be visible? 
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Friday, Jan. 20, 1|...4. 

1. Iff(p, q, r, *,...) = 0, where jj, ^, r, *, ... are the distances of any 
point in a curve from fixed points in its plane, or of any point in a surface 
from fixed points, and if a set of forces proportional to/ / (j»),/'(^)...act 
on the point, along the distances p, q, r..., prove that their resultant acts 
along the normal at that point 

If sinX : sin/t "p* '- q* t where X, /*, are the respective inclinations of 
p t q to the normal at any point of the curve f(p, q) = 0, prove that, c 
being a constant, pi-* + q*-* = <.*-*. 

2. Having given the following simultaneous differential equations, 

d*x dR d* f / dR 

de~ dx* de~dy' 

where J*=/(r), r* = *■ + / + ...; 
prove that 

' = fvtt^Mtfj)-^ ' -*' * being a * bitrW7 C ° n8tant8, 
Integrate the partial differential equation 

0(1 + q) r - (p + £ + 2py) * + j>(1 + j>) tf « 0. 

3. Prove that the radius of curvature of an oblique section, at any 
point of a surface, coincides with the projection, upon the plane of the 
section, of the radius of curvature of the normal section through the same 
tangent line. 

An annular surface is generated by the revolution of a circle about an 
axis in its own plane ; prove that one of the principal radii of curvature, 
at any point of the surface, varies as the ratio of the distance of this point 
from the axis to its distance from the cylindrical surface described about 
the axis and passing through the centre of the circle. 

4. Give sufficient equations for calculating the motion of a right cone 
placed upon a perfectly rough inclined plane; and find the moment of the 
couple exerted by friction on the cone. 

Shew that the length of the simple isochronous pendulum, when the 
cone oscillates about the lowest position, is 

4*» 
3r sin a sin/3 ' 
2a being the angle of the cone, r the radius of its base, ft the inclination 
of the plane, and k the radius of gyration round a generating line. 

6. If « = fVdx has a maximum or minimum value, prove that 

dx dx* 

How must this equation be modified when the result of some given opera- 
tion performed upon the variables and their extreme values is given ? 
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The form of a homogeneous solid of revolution, of given superficial area, 
and described upon an axis of given length, is such that its moment of 
inertia about the axis is a maximum : prove that the normal at any point 
of the generating curve is three times as long as the radius of curvature. 

6. Distinguish between secular and periodic variations. Are secular 
variations ever periodic? 

The equations which connect the inclination and the longitude of the 
nodes of the orbits, in the case of Jupiter and Saturn, are of the form 
tant sinO = O sin(at + 7) + ITsind, 
tant cosO = Q cos(at + 7) + H cos£. 
For both orbits, 

a = -25". 5756, 7 = 125° 15' 40", a = 103° 38' 40", and H = .02905, 
O a - .00661 for Jupiter, and = .01537 for Saturn, 
t being reckoned from A. D. 1700. 

Prove the following circumstances of motion, that Jupiter's node re- 
gresses and Saturn's progresses from a longitude £ + e - \ir through the 

2e 
angle 2« <-< w in the time — , where « is for each planet the least positive 
— a 

angle which satisfies the equation O = JT cose; that they arrive simul- 
taneously at their mean position j and that in this position Jupiter's orbit 
has its maximum and Saturn's its minimum inclination. 

7. Assuming that the angular accelerating force, exerted by the Sun 
on the Earth, about a diameter of the Earth's equator at right angles to 
the line joining the centres of the Earth and Sun, varies as sin SP cos&P, 
where P is the Earth's pole, and S the Sun's centre ; investigate the solar 
precession of the equinoxes. 

8. Draw the course of a small pencil of parallel rays, passing at such 
an angle through a biaxal crystal cut with parallel faces, that external 
cylindrical refraction takes place. 

How may the constants a, b, c corresponding to the axes of elasticity 
be obtained experimentally? 

If the two faces of a prism, formed of a biaxal crystal, be perpendicular 
to each other, and one contain the two axes of elasticity a, 0, and the 
other by c; and if fi a , ii h be two refractive indices for the ordinary ray 
when the planes of refraction are perpendicular to the axes a and b respec- 
tively ; ^shew that D, the minimum deviation of the extraordinary ray, 
is given by the equation 

sin 8 i)=( /W<l »-l)(/^-l). 

THE END. 
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Bampton Lectures." Crown 8vo. cloth, 6*. 

MAURICE.— Lectures on Ecclesiastical History. 

8ro. cloth, 10*. 6d. 

MAURICE.— Theological Essays. 

Second Edition, with a new Preface and other additions. Crown 8vo. 
cloth, 10*. 6d. 

MAURICE.— The Doctrine of Sacrifice deduced from the 

8criptures. With a Dedicatory Letter to the Young Men's Christian Associa- 
tion. Crown 8 vo. cloth, Is, 6d. 

MAURICE.— The Religions of the World, and their Relations 

to Christianity. Third Edition. Fcap. 8 vo. cloth, 5*. 

MAURICE— On the Lord's Prayer. 

Third Edition. Fcap. 8vo. cloth, 2«. 64. 

MAURICE— On the Sabbath Day: the Character of the 

Warrior; and on the Interpretation of History. Fcap. 8vo. cloth, 2*. Bd. 

MAURICE.— Learning and Working.— Six Lectures on the 

Foundation of Colleges for Working Men, delivered in Willis's Rooms, 
London, in June and July, 1854. Crown 8vo. cloth, 5*. 
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MAURICE.— The Indian Crisis. Five Sermons. 

Crown 8yo. cloth, U. 6<J. 

MAURICE.— Law's Remarks on the Fable of the Bees. 

Edited, with an Introduction of Eighty Paget, by FREDERICK DENI80N 
MAURICE, M.A. Chaplain of Lincoln's Inn. Fcp. 8vo. cloth, 4«. 6d. 

MAURICE— Miscellaneous Pamphlets:— 
I.— Eternal Life and Eternal Death. 

Crown 8vo. sewed, 1*. 64. 

II.— Death and Life. A Sermon. Jn utemniam «. ». jb. 

8to. tewed, 1*. 

HI— Plan of a Female College for the Help of the Rich 

and of the Poor. 8vo. 6d. 

IT.— Administrative Reform. 

Crown 8vo. 3d. 

V.— The Word "Eternal," and the Punishment of the 

Wicked. Fifth Thousand. 8vo. i«. 

VL— The Name "Protestant: " and the English Bishopric 

at Jerusalem. Second Edition. 8vo. 3«. 

VII.— Thoughts on the Oxford Election of 1847. 

8vo. 1*. 

Vni— The Case of Queen's College, London. 

8to. Is. 64. 

IX.— The Worship of the Church a Witness for the 

Redemption of the World. 8vo. sewed, 1«. 

MAYOR.— Cambridge in the Seventeenth Century. 

1 vols. fcap. 8to. cloth, 18«. 

Vol. I. Lives of Nicholas Ferrar. 

Vol. II. Autobiography of Matthew Robinson. 
By JOHN E. B. MAYOR, M.A. Fellow and Assistant Tutor of St. John's 
College, Cambridge. 
%* The Autobiography of Matthew Robinson may be had separately, price 5«. 6d. 

MAYOR.— Early Statutes of St John's College, Cambridge. 

Now first edited with Notes. Royal 8vo. 18*. 

*»• The First Part is now ready for delivery. 

MAXWELL— The Stability of the Motion of Saturn's Rings. 

By J. C. MAXWELL, M.A. Professor of Natural Philosophy In the Uni- 
versity of Aberdeen. 4to. sewed, 6#. 

MOORE— A New Proof of the Method of Algebra commonly 

called "Greatest Common Measure." By B. T. MOORE, B.A., Fellow of 
Pembroke College, Cambridge. Crown 8vo. 6d. 
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MORGAN.— A Collection of Mathematical Problems and 

Examples. Arranged in the Different Subjects progressively r with Answers 
to all the Questions. By H. A. MORGAN, M.A., Fellow of Jesus Col- 
lege. Crown 8vo. cloth, 6$. 6d. 

MORSE.— Working for God, and other Practical Sermons. 

By FRANCIS MORSE, M.A. Incumbent of St. John's, Lady wood, Bir- 
mingham. Second Edition. Fcap. 8vo. cloth, 5*. 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Review and of the Encyclopedia Britannic a. Post 8vo. 
cloth, 7s. Qd. 

NORWAY AND SWEDEN.— A Long Vacation Ramble in 

1856. By X and Y. Crown 8vo. cloth, 6$. 6d. 

OCCASIONAL PAPERS on UNIVERSITY and SCHOOL 

MATTERS ; containing an Account of all recent University Subjects and 
Changes. Three Parts are now ready, price 1*. each. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the University, and the Higher Classes in 
Schools. With a Collection of Examples. By S. PARKINSON, B.D. Fellow 
and AssistantTutor of St. John's College, Cambridge. Crown 8vo. cloth, 9s. 6d. 

PARKINSON —A Treatise on Optics. 

Crown 8vo. cloth, 10*. 6d. 

PARMINTER — Materials for a Grammar of the Modern 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fcap. 8 vo. cloth, St. 6d. 

PEROWNE.-" Al-Adjrumiieh." 

An Elementary Arabic Grammar. By J. J. S. PEROWNE, B.D. Lecturer 
in Divinity in King's College, London, and Examining Chaplain to the 
Lord Bishop of Norwich. 8vo. cloth, 5s. 

PHEAR— Elementary Hydrostatics. 

By J. B. Phear, M.A. Fellow of Clare College, Cambridge. Second 
Edition. Accompanied by numerous Examples, with the Solutions. 
Crown 8vo. cloth, 5s. 6d. 

PHILOLOGY.— The Journal of Sacred and Classical Philology. 

Vols. I to IV. 8vo. cloth, 12*. 6d. each. 

PLAIN RULES ON REGISTRATION OF BIRTHS AND 

DEATHS. Crown 8vo. sewed, Id. ; 9d. per dozen ; 5«. per 100. 

PLATO— The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Vaughan, M.A.) Second 
Edition. 8vo. cloth, 10*. 6d. 
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PRATERS FOR WORKING MSN OF ALL RANKS; 

Earnestly designed for Family Devotion and Private Meditation and Prayer 
Fcap. Svo. cloth, red leaves, U. M. Common Edition, It. 94. 

PRINCIPLES of ETHICS according to the NEW TESTA- 

MENT. Crown 8vo. sewed, Is. 

PROCTER.— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By FRANCIS PROCTER, M.A., Vicar of Witton, 
Norfolk, and late Fellow of St. Catherine's College. Fourth Edition, 
revised and enlarged. Crown 8vo. cloth, 10*. 64. 
•»* This forms part of the Series of Theological Manuals. 

PUCKLE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
By O. HALE PUCKLE, M. A., Principal of Windermere College. Second 
Edition, enlarged and improved. Crown 8vo. cloth, 7*. 6d. 

RAMSAY.— The Catechiser's Manual; or, the Church Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. 18mo. cloth, 3«.6rf. 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University ; 
Chaplain to his Excellency the Lord-Lieutenant of Ireland; and late Don - 
nellan Lecturer in the University of Dublin. Crown 8vo. cloth, 7s. 64. 

ROBINSON.— Missions urged upon the State, on Grounds 

both of Duty and Policy. By C. K. ROBINSON, M.A. Fellow and Assistant 
Tutor of St. Catherine's College. Fesp. 8vo. cloth, 3#. 

ROWSELL.-THE ENGLISH UNIVERSITIES AND THE 

ENGLISH POOR. 8ormons Preached before the University of Cambridge. 
By T. J. ROWSELL, M.A. Incumbent of St Peter's, Stepney. Fcap. 8vo. 
cloth limp, red leaves, it. 

RUTH AND HER FRIENDS. A Story for Girls. 

With a Frontispiece. Third Edition. Royal 16mo. extra cloth, giltleaves, 5*. 

SALLUST— Sallust for Schools. 

With English Notes. Second Edition. By CHARLES MERIVALE, 
B.D.; late Fellow and Tutor of St. John's College, Cambridge, &c, Author 
of the " History of Rome," fcc. Fcap. 8vo. cloth, 4*. 64. 
" Ths Juouutha" and " The Catilina n «at bs had sefa»atxly, price It. td. 

BACH IN CLOTH. 

SANDARS.-BY THE SEA, AND OTHER POEMS. 

By EDMUND 8ANDARS, of Trinity Hall, Cambridge. Fcap. 8vo. 
cloth, 4«. 6rf. 

SCOURING OF THE WHITE HORSE; or, The Long 

Vacation Ramble of a London Clerk. By the Author of "Torn Brown's 
8choolDays." Illustrated by Doylb. Eighth Thousand. Imp. 16me. 
cloth, elegant, St. 64. 
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SELWYN.— The Work of Christ in the World. 

Sermon* preached before the University of Cambridge. By the Right Rev. 
GEORGE AUGU8TUS SELWYN, D.D. Bishop of New Zealand, formerly 
Fellow of St. John's College. Third Edition. Crown 8vo. 2*. 

SELWYN.— A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled for the use of the Melanesian Mission. Small folio, 
cloth, 14*. 

SIMPSON.— An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Reformation. With 
Examination Papers. By WILLIAM SIMPSON, M.A. Third Edition. 
Fcp. 8vo. cloth, 5*. 

SMITH.— City Poems. 

By ALEXANDER SMITH, Author of "A Life Drama," and other Poems. 
Fcap. 8vo. cloth. 5*. 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. By BARNARD SMITH, M. A., Fellow 
of St. Peter's College, Cambridge. Seventh Edition. Crown 8vo. 
cloth, 10*. 6d. 

SMITH.— Arithmetic for the use of Schools. 

New Edition. Crown 8vo. cloth, it. 6rf. 

SMITH— A Key to the Arithmetic for Schools. 

Crown 8vo. cloth, 8*. 64. 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. By J. C. SNOWBALL, M.A. Fellow of St. John's College, 
Cambridge. Ninth Edition. Crown 8vo. cloth, 7*. 64. 

SNOWBALL.— Introduction to the Elements of Plane Trigo- 
nometry for the use of Schools. Second Edition. 8vo. sewed, 5*. 

SNOWBALL. — The Cambridge Coarse of Elementary 

Mechanics and Hydrostatics. Adapted for the use of Colleges and Schools. 
With numerous Examples and Problems. Fourth Edition. Crown 8vo. 
cloth, 5*. 

SWAINSON.— A Handbook to Butler's Analogy. 

By C. A. SWAINSON, M.A. Principal of the Theological College, and 
Prebendary of Chichester. Crown Svo. sewed, 2«. 

SWAINSON— The Creeds of the Church in their Relations 

to Holy Scripture and the Conscience of the Christian. 8vo. cloth, 9*. 

SWAINSON.-THE AUTHORITY OP THE NEW TESTA- 
MENT; The Conviction of Righteousness, and other Lectures, delivered 
before the University of Cambridge. 8vo. cloth, 12*. 

TAIT and STEELE.— A Treatise on Dynamics, with nume- 
rous Examples. By P. 6. TAIT, Fellow of St. Peter's College, Cambridge, 
and Professorof Mathematics in Queen's College, Belfast, and W. J.STEELE, 
late Fellow of St. Peter's College. Crown 8vo. cloth, 10*. 64. 

TAYLOR —The Restoration of Belief. 

By ISAAC TAYLOR, Esq., Author of "The Natural History of Enthu- 
siasm." Crown 8vo. cloth, 8*. 64. 
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THEOLOGICAL Manuals. 

CHURCH HISTORY: DURING THE MIDDLE AGES AND THE 

REFORMATION (a.d. 590—1600). By ARCHDEACON HARDWICK. 

With Four Maps, 2 volt. Crown 8vo. cloth, price 10*. 64. each. 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Fourth Edition. Crown 8vo. cloth, 10*. 64. 
HISTORY OF THE CANON OF THE NEW TESTAMENT. By 

B. F. WESTCOTT. Crown 8vo. cloth, 12*. 64. 

*»* Others are in progress, and will he announced in due time. 

THRING.— A Construing Book. 

Compiled by the Rev. EDWARD THRING* M.A. Head Master of Up- 
pingham Grammar School, late Fellow of King's College, Cambridge. Fcap. 
8vo. cloth, 1«. 6**. 

THRING.— The Elements of Grammar taught in English. 

Third Edition. 18mo. bound in cloth, 2*. 

THRING— The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A New Edition. 18mo. limp cloth, 1 *. 

THRING.— Sermons delivered at Uppingham School. 

Crown 8vo. cloth, 5*. 

THRING.-School Songs. 

A Collection of Songs for Schools. With the Music arranged for four Voices. 
Edited by EDWARD THRING, M.A., Head Master of Uppingham School, 
and H. RICCIU8. Small folio, U. 64. 

THRUPP.— Antient Jerusalem: a New Investigation into the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By J08EPH FRANCIS THRUPP, M.A. Vicar of Barrington, 
Cambridge, late FeUow of Trinity CoUege. 8vo. eloth, 15s. 

THUCYDIDES, BOOK VI. With English Notes, and a Map. 

By PERCIVAL FROST, Jan. M.A. late Fellow of St. John's College-, 
Cambridge. 8vo. 7«. 64. 

TODHUNTER.— A Treatise on the Differential Calculus. 

With numerous Examples. By I. TODHUNTER, M.A., Fellow and 
Assistant Tutor of St. John's College, Cambridge. Third Edition. 
Crown 8vo. cloth, 10*. 64. 

TODHUNTER.— A Treatise on the Integral Calculus. 

With numerous Examples. Crown 8vo. cloth, 10s. 64. 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Se c ond Edition. Crown 8vo. cloth, 10«. 64. 

TODHUNTER— A Treatise on Conic Sections, with 

numerous Examples. Second Edition. Crown 8vo. cloth, 10«. 64. 

TODHUNTER.— Algebra for the use of Colleges and Schools. 

Crown 8vo. cloth, 7s. 64. Second Edition. 

TODHUNTER.— Plane Trigonometry for Colleges and 

Schools. Crown 8vo. cloth, 5s. 

TODHUNTER.— A Treatise on Spherical Trigonometry for 

the Use of Colleges and Schools. Crown 8vo. cloth, 4#. 9d, 
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TODHUNTER— Examples of Analytical Geometry of Three 

Dimensions. Crown 8vo. cloth, is. 

TOM BROWN'S SCHOOL DATS. 

By AN OLD BOY. Seventh Edition. Fcap. 8vo. cloth, 5*. 

TRENCH.— Synonyms of the New Testament. 

By The Very Rev. RICHARD CHENEVIX TRENCH, D.D. Dean of West- 
minster. Fourth Edition. Fcap. 8vo. cloth, 5*. 

TRENCH.-Hulsean Lectures for 1845—46. 

Contents. 1.— The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2.— Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Fourth Edition. Foolscap 8 vo. cloth, 5*. 

TRENCH.— Sermons Preached before the University of Cam- 
bridge. Fcap. 8vo. cloth, 2s. 64. 

VAUGHAN— Notes for Lectures on Confirmation. With 

suitable Prayers. By C. J. VAUGHAN, D.D., Head Master of Harrow 
School. Third Edition. Limp cloth, red edges, Is. 6d. 

VAUGHAN— St. Paul's Epistle to the Romans. 

The Greek Text, with English Notes. By C. J. VAUGHAN, D.D. 8vo. 
cloth, Is. 6d. 

VAUGHAN.-MEMORIALS OP HARROW SUNDAYS. 

A Selection of Sermons preached in Harrow School Chapel. By C. J. 
, VAUGHAN, D.D. With a View of the Interior of the Chapel. Crown 8vo. 
cloth, red leaves, 10*. 64. 

VAUGHAN.— Sermons preached in St. John's Church, 

Leicester, during the years 1855 and 1856. By DAVID J. VAUGHAN, M.A. 
Fellow of Trinity College, Cambridge, and Incumbent of St. Mark's, White- 
chapel. Crown 8vo. cloth, 5s. 6d. 

VAUGHAN— Three Sermons on The Atonement. With a 

Preface. By D. J. Vaughan, M.A. Limp cloth, red edges, 1*. to. 

WAGNER.— Memoir of the Rev. George Wagner, late of St. 

Stephen's, Brighton. By J. N. SIMPK1NSON, M».A. Rector of Brington, 
Northampton. Second Edition. Crown 8vo. cloth, 9s. 

WATSON AND ROUTH.-CAMBRIDGE SENATE HOUSE 

PROBLEMS AND RIDERS. For the Year 1860. With Solutions by H. 
W. WATSON, M.A. and E. J. ROUTH, M.A. Crown 8vo. cloth, Is. 6d. 

WESTCOTT— History of the Canon of the New Testament 

during the First Four Centuries. By BROOKE FOSS WESTCOTT, M.A., 
Assistant Master of Harrow School ; late Fellow of Trinity College, Cam- 
bridge. Crown 8vo. cloth, 12*. 64. 

*♦* This forms part of the Series of Theological Manuals. 

WESTCOTT. — Characteristics of the Gospel Miracles. 

Sermons preached before the University of Cambridge, with Notes. By 
B. F. WESTCOTT, M.A., Author of "History of the New Testament 
Canon." Crown 8vo. cloth, 4*. 6d. 

WHEWELL.-THE PLATONIC DIALOGUES FOR 

ENGLISH READERS. By W. WHEWELL, D D. Vol. I. Fcap. 8*o. 

cloth, Is. 64. 
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WHITMORE.— Gilbert Marlowe and Other Poems. 

With a Preface by the Author of "Tom Brown's Schooldays." Fcap. 8vo. 
cloth, 8#. 64. 

WILSON— The Five Gateways of Knowledge. 

By GEORGE WILSON, M.D., F.R.S.E., Regius Professor of Technology in 
the University of Edinburgh. Second Edition. Fcap. 8 vo. cloth, 2«. 6d. 
or in Paper Covers, 1*. 

WILSON— The Progress of the Telegraph. 

Fcap. 8vo. 1*. 

WILSON.— A Treatise on Dynamics. 

By W. P. WILSON, M.A., Fellow of 8t. John's, Cambridge, and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9t. 6d. 

WOLFE-ONE HUNDRED AND FIFTT ORIGINAL 

PSALM AND HYMN TUNES. For Four Voices. By ARTHUR 
WOLFE, M.A., Fellow and Tutor of Clare College, Cambridge. Oblong 
royal 8vo. extra cloth, gilt leaves, 10#. 64. 

WORSHIP OF GOD AND FELLOWSHIP AMONG MEN. 

A Series of Sermons on Public Worship. Fcap. 8vo. cloth, 3*. 64. 

By F. D. Maurice, M.A. T. J. Rowsxll, M.A. J. Ll. Davixs, M.A. 

and D. J. Vauohav, M.A. 

WRIGHT— The Iliad of Homer. 

Translated into English Verse by J. C. WRIGHT, M.A. Translator of Dante. 
Crown 8vo. Books I.— VI. 5s. 

WRIGHT.— Hellenica; or, a History of Greece in Greek, 

as related by Diodorus and Thucydides, being a First Greek Reading 
Book, with Explanatory Notes, Critical and Historical. By J. WRIGHT, 
M.A., of Trinity College, Cambridge, and Head-Master of Sutton Coldfield 
Grammar School. Second Edition, with a Vocabulary. 12mo. 
cloth, 3*. 6d. 

WRIGHT —David, King of Israel 

Readings for the Young. With Six Illustrations after SCHNORR. Royal 
16nio. extra cloth, gilt leaves, 5#. 

WRIGHT- A Help to Latin Grammar; 

or, the Form and Use of Words in Latin. With Progressive Exercises. 
Crown 8vo. cloth, 4*. 64. 

WRIGHT- The Seven Kings of Rome: 

An easy Narrative, abridged from the First Book of Livy by the omission of 
difficult passages, being a First Latin Reading Book, with Grammatical 
Notes. Fcap. 8vo. cloth, 3*. 

WRIGHT.— A Vocabulary and Exercises on the " Seven 

Kings of Rome." Fcap. 8vo. cloth, 2s. 6d. 
*»• The Vocabulary and Exercises may also be had bound up with "The Seven 
Kings of Rome." Price 5*. cloth. 

ONE SHILLING, MONTHLY. 

MAC MILL AIM'S MAGAZINE. 

EDITED BY DAVID MASSON. 
Volume J. is now ready, handsomely bound in cloth, price It. 6d. 

A. CLAY, fBIVTEB, BBSAB STBBBT HILL* * 



oft 



erne 

Boo'' K '.' ;.: a Co., Inc. 
;-.'vj„. Street 

Boston. 'V.^j. U2210 



4 



c 



